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Abstract

This paper proposes an analytical form of CoVaR, which is compatible with
the existing VaR and stress-test based risk management framework, adding value
by capturing systemic risk of a portfolio. Analytical CoVaR is a computationally
inexpensive risk tool used to screen systemic risk. It is reasonably accurate and
also has desired statistical properties hence is suitable for use by investment
companies, brokerage firms, mutual funds and any business that evaluates risk.
Empirical backtest results show that historical analytical CoVaR exceedances
pass both Failure Frequency Test and Conditional Test. The paper also presents
a theoretical frameworks within which to investigate how analytical CoVaR
captures systemic risk when asset and market returns are serially independent
and when they are serially correlated. Analytical CoES is presented as an

extension to capture loss beyond CoVaR.
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1 Introduction

The co-movement of an individual equity return and the market return is pri-
marily driven by the fundamentals of a company during normal periods. But
it tends to increase during the times of crisis. There are two typical reasons
for this. First, equity and market are strongly affected by common exposure to
operational and financial risk sources during the times of crisis. Second, there
exists propagation of distress associated with a decline in the market value, more
specifically balance sheet contraction, of individual institutions. Measuring sys-
temic risk has received attention recently. Acharya, Pedersen, Philippon and
Richardson (2010) present a simple model of systemic risk that can be used to
measure the contributions of individual financial institutions to overall systemic
risk. Brownlees and Engle (2010) focuses on constructing measures of systemic
risk, Marginal Expected Shortfall, based on public market data. Adrian and
Brunnermeier (2010) (A&B here after) introduced Conditional Value at Risk
(CoVaR), which is the overall Value at Risk of a financial institution condi-
tional on another financial institution being under distress.

The main contribution of this paper can be summarized in one line: An-
alytical CoVaR is a computationally inexpensive risk tool to screen systemic
risk that is reasonably accurate and that is compatible with existing VaR and
stress test based risk management framework. In order to employ CoVaR in
daily risk management procedure of financial institutions and to solve a port-
folio optimization problem, the development of analytical methods is required.
Running a complicated risk engine of full valuation method that is used by most
of risk management departments is computationally burdensome and would not
be suited for the use in dynamic intra — day trading decision making. An analyt-
ical approximation would be used like a simple back of the envelop calculation
and enables traders / portfolio managers to swiftly access potential systemic
risk exposure of their positions. In this respect, analytical CoVaR is necessary
to make CoVaR a practical tool to existing risk management framework. An-
alytical form of a risk measure is an approximation hence is not accurate. It
would be important to access the accuracy (or inaccuracy) of the analytical
measure and show that it does what it is intended to do. Chapter 4 of the pa-
per presents empirical evidences that Analytical CoVaR captures systemic risk
properly hence it is an appropriate measure. Given it is a reasonably accurate

but precise measure of systemic risk, analytical CoVaR would raise a red flag



to initiate a further detailed full scale investigation of portfolio’s systemic risk.
Therefore, there would be two practical uses of Analytical CoVaR. First, as
a quick and computationally less expensive way of gauging systemic risk of a
portfolio by traders and portfolio managers and second, as a quick signal that
would raise a red flag to initiate a further investigation of a trading book or a
portfolio by risk managers.

The objective of this paper is to (i) propose an analytical form of CoVaR that
shares the advantages of analytical VaR and is readily applicable to financial
institutions’ existing risk management system (ii) provide empirical and theo-
retical frameworks within which to investigate how analytical CoVaR captures
systemic risk. The analytical CoVaR studied in this paper is suitable for use
by investment companies, brokerage firms, mutual funds and any business that
evaluates financial risk. There are two aspects of A&B’s CoVaR that I intend to
address and amend in this paper. (1) A&B concentrates their efforts to employ
CoVaR as a regulatory policy tool hence their model only applies to macroeco-
nomic variables. It is hard to capture day to day systemic risk of individual
financial institutions or their trading books and portfolios with macroeconomic
variables and this paper will use daily return data of financial institutions’ stock
prices. (2) A&B defines CoVaR to capture the risk of a specific financial insti-
tution’s systemic risk with respect to another. This definition is very useful to
capture the contribution of individual financial institution to overall systemic
risk in the market. However, this is different from how other literatures define
systemic risk. A&B’s "exposure CoVaR", which intends to measure systemic
risk of a portfolio with respect to the entire financial market will be used in this
paper to be consistent with other literatures. For the simplicity, here after I will
refer this measure as “CoVaR”.

The remainder of this paper is organized as follows. Section 2 defines sys-
temic risk and explains why VaR failed during the recent financial crisis. Section
3 presents the benefits of analytical form and proposes analytical CoVaR un-
der bivariate normality assumption then derives the confidence interval of it.
Section 4 provides empirical backtest using Kupiec’s failure frequency test and
Christoffersen’s conditional test to find that analytical CoVaR exceedances pass
both tests while analytical VaR exceedances does not pass the conditional test.
Section 5 investigates how analytical CoVaR captures the systemic risk by as-
suming 1) price process follow geometric Brownian motion and 2) detrended
log price process follow the bivariate Ornstein-Uhlenbeck (OU) model of Hong

and Satchell (2011). Empirical evidence is then presented. Section 6 presents



analytical Conditional Expected Shortfall (CoES) as an extension to capture
loss beyond CoVaR and discusses various aspects and potential applications of

CoVaR. And section 7 concludes the paper.

2 Systemic Risk and Failure of VaR

Since systemic risk is often confused with systematic risk, it would be mean-
ingful to look at few of its definitions. (i) Kaufman defines systemic risk as the
risk of collapse of an entire financial system or entire market, as opposed to the
risk associated with any one individual entity, group or component of a system.
According to Kaufman, systemic risk can be seen as "financial system instabil-
ity, potentially catastrophic, caused or exacerbated by idiosyncratic events or
conditions in financial intermediaries". (ii) The Bank for International Settle-
ments (BIS) defines systemic risk as “the risk that the failure of a participant
to meet its contractual obligations may in turn cause other participants to de-
fault with a chain reaction leading to broader financial difficulties” (BIS 1994,
177). These definitions emphasize correlation with causation, and they require
close and direct connections among institutions or markets. (iii) According to
Kaufman and Scott (2003), systemic risk refers to the risk or probability of
breakdowns in an entire system, as opposed to breakdowns in individual parts
or components, and is evidenced by co-movements among most or all the parts.
(iv) Similarly, Schwarcz (2008) defines systemic risk as the risks imposed by
interlinkages and interdependencies in a system or market, where the failure of
a single entity or cluster of entities can cause a cascading failure, which could

potentially bankrupt or bring down the entire system or market.
(Insert Table 1)

Table 1 summarizes American and British financial institutions’ log return
correlation against the S&P500. The sample period runs from January 1, 2004
to July 22, 2009 and was collected from Yahoo Finance. The pre-crisis period
is from January 1, 2004 to February 26, 2007 and the crisis period is from
February 27, 2007 to July 22, 2009. On February 27, 2007 the Federal Home

Loan Mortgage Corporation (Freddie Mac) announced that it will no longer



buy the most risky subprime mortgages and mortgage-related securities. This
is taken as the earliest day of the 2008 financial crisis. Conversely, July 23, when
2009, Citigroup announced that it completed a previously announced exchange
offer with private investors of convertible preferred securities and a previously
announced matching exchange offer with the U.S. Government is taken as the
first sign of recovery from the crisis. The sample start date of January 1, 2004
was chosen to secure enough number of Pre-Crisis period sample observations
to demonstrate long term correlation. It is clear that the log return correlation
jumps from the Pre-Crisis to Crisis period. As shown in table I, in the presence
of extreme events such as equity market crash there exists additional correlation
between portfolio return and market return.

The most common measure of risk value at risk (VaR) measures the amount
of loss a portfolio may incur if the portfolio stays unchanged over a given time
period under normal market conditions at a given level of confidence. VaR does
not provide information on how bad the loss of the portfolio may be if a sharp
adverse movement were to occur under these normal market conditions. VaR is
only valid under normal market conditions and a series of theoretical assump-
tions. During normal times, the co-movement of financial institutions’ assets
and liabilities is driven by fundamentals; in these circumstances VaR provides a
valid risk measure. However in the time of market turmoil such as recent finan-
cial crisis when the co-movement between the market and financial institutions’
asset increased significantly, VaR is was not able to reflect such systemic risk
properly, this is because VaR focuses on the risk of an individual institution in
isolation. Such increases of co-movement give rise to systemic risk, the risk that
institutional distress spreads widely and distorts the supply of credit and capital
to the real economy. A single institution’s risk does not necessarily reflect sys-
temic risk. However CoVaR is designed to solve such problems as it represents
the overall Value at Risk of a portfolio or a financial institution conditional on

financial market being distressed.



3 Analytical CoVaR

3.1 Analytical Approach

Two methods of computing VaR, can be used; (i) the local valuation and (ii) the
full valuation methods. The local valuation methods assess risk by approximat-
ing possible changes of the value of a portfolio with local derivatives, “Greeks”.
The full valuation methods fully reprice a portfolio over various scenarios. This
classification reflects a tradeoff between speed and accuracy. The tradeoff be-
tween speed and computational cost becomes very important as the size of
portfolio and the complexity of the risk exposure increase. Analytical VaR is
an application of traditional mean variance portfolio analysis. It is sometimes
called delta-normal method or covariance matrix approach. This approach is
a local valuation method using delta, the first order derivative of a portfolio
value. This approach is analytical because VaR is derived from closed-form
solutions. To assess the risk of a portfolio and generate VaR under this local
valuation approach, only risk exposures and the variance — covariance matrix
are needed. Although the normality condition imposed on return distribution
is the downside, such assumption also allows aggregation and disaggregation of
risk. Jorion (2001) clearly presents the objective / justification of such analyt-
ical approach. He mentions that “This method is important not only for its
own sake but also because it illustrates the ‘mapping’ principle in risk manage-
ment. Even the more sophisticated simulation methods cannot possibly model
the enormous number of risk factors in financial markets. They have to rely on
simplifications. Hence the first step in understanding risk is to decompose finan-
cial instruments into their fundamental building blocks.” The most important
advantages of analytical CoVaR is that it is a straight forward, simple and com-
putationally inexpensive method of screening risk to determine the overall risk
of a portfolio at the expense of some accuracy. This approach is useful in day
to day risk management. This approach can save significant time and effort by
employing an analytical risk measure as a daily screening process. Once notable

risk is identified with this method, more thorough analysis can be executed.



3.2 Point Measure

In this section, CoVaR conditioned that financial market return is at q% VaR
level is expressed in terms of the conditional distributions of a portfolio and the
market return distribution. The information about these conditional distribu-
tions is equivalent to the information about the portfolio’s cumulative distribu-
tion functions and their mutual correlations, which is a prerequisite to solving
any portfolio optimization problem.

CoVaR of a portfolio is defined as

Pr(RF < CoVaRIM | RM = VaRM) = g (1)

where

RP: return of a portfolio, RM: market return

COVCLR,;DlM: CoVaR of the portfolio given market return is at lowest q% level.
VaRéVI: q% Value at Risk of market return

I again emphasize the distinction between this approach and that taken by
A&B. A&B capturing the probability of entire portfolio of a financial institu-
tion being under CoVaR conditioning that another institution is under distress.
Hence in equation(1), where i and j stands for different individual financial in-

stitutions therefore equation(1) is equivalent to the “exposure CoVaR” in A&B.

Proposition 1 Under normality assumption, q% Analytical form of VaR and

CoVaR can be represented as

VaR] = —pp + Agop (2)

o
CoVaRf‘M =—up+ pP,MO_l (VaRfIW + par) + Ap (1 - p%7M)ap (3)
M
where
VaR(]IW: —Upr+Ago M
q: the threshold quantile (confidence level)
Ap: the value of normal probability distribution at q %



War: the mean return of market and portfolio
o the standard deviation of market and portfolio return

pp ¢ the correlation between the market return and the portfolio return

The derivation of Proposition 1 can be found in Appendix A. In this propo-
sition VaR and CoVaR are expressed in terms of the loss occurred. If these
values are positive, that means a loss has occurred. And if the sensitivities of
these values are positive, that means loss increases with respect to the variable
of interest. Analytical CoVaR of equation (3) should share the same advantages
and characteristics of analytical VaR of equation (2), which is frequently used

in risk management and portfolio construction.

Corollary 1 The equation (3) can be rewritten in a form of Sharpe’s one factor

model

where € = Ap (1 — p?g7M>ap

The proof of Corollary 1 is found in the Appendix B. Similar to Capital
Asset Pricing Model (CAPM), this form of the equation expresses excess return
of the equity with respect to the risk premium of the market return. Due to
the fact that equation (4) is expressed in terms of loss, the equation takes the
opposite signs when compared to Sharpe’s one factor model. It can be rephrased
as if it is expressed in terms of returns. This result highlights that univariate
CoVaR is an explanatory model of conditional portfolio return with respect to

the market return.

3.3 Analytical CoVaR Confidence Interval

Previous section focused on CoVaR as a point estimate of portfolio risk. For
the purpose of practical usage, in addition to a point CoVaR estimate, a pre-
cision measure of CoVaR estimate is also important. Such a precision measure

of CoVaR would capture the uncertainty of point CoVaR estimate and would



therefore indicate the point estimate’s reliability. The existing literature sug-
gests capturing the uncertainty in VaR estimates in the form of VaR confidence
intervals. Moraux (2009) suggest using analytical VaR confidence band based on
normally distributed returns whereas Jorion (1996) suggests normal and Student
t distributed returns. Dowd (2000) suggests investigating VaR distributions un-
der normality using Monte Carlo Simulation and Hong et al. (2010) showed four
different methods to capture VaR and its confidence interval for any distribu-
tion. Such approaches can also be applied to CoVaR. In this section, I derive the
asymptotic distribution for analytical CoVaR under an iid assumption, which
explicitly allows including conditional skewness or conditional kurtosis in Co-
VaR computation and is easily amenable to implementation. This approach
should be seen as one that is complimentary to the many existing large-sample

or simulation-based techniques.
Proposition 2 ¢% CoVaR confidence interval has the width of

2cvvVw?
VN

where

wi= o2 (14 Goppuky ™ + G2o% (K1Y 1))
G = pfa i | Aay/1-p?

= p 2a‘p OM 20‘p
and cv is the relevant critical value.

The proof of the Proposition 2 is found in the Appendix C. Proposition 2
suggests that an analytical range estimate of CoVaR can be easily constructed as
long as valid sample four conditional moments (mean, variance, skewness and
kurtosis) of asset returns exist. The asymptotic normality assumed provides
that the result will always be valid in large samples if central limit theorems
apply. The equation (5) shows that the proposed analytical confidence CoVaR
interval permits the inclusion of skewness or kurtosis and is easily amenable to
implementation. Such asymptotic approach, based on higher moments but not
knowing the true distribution should lead to improvements in the accuracy of
a risk measure relative to the usual normal distribution-based methodology, as
claimed in Hong et al. (2010).



4 Empirical Backtesting

In order to validate the proposed analytical CoVaR, empirical evaluation of
the risk measure is essential. To backtest analytical CoVaR, I select 20 random
stocks from S&P500 and generate 1/n portfolio with uniform weight of 5%. The
sample period, from July 24, 2007 to September 23, 2010 with 800 daily return
objectives, was selected. The validity of the null hypothesis for VaR and CoVaR,
is tested via Kupiec’s Failure Frequency Test and Christoffersen’s Conditional
Testing Backtest. Note that this is not in-sample result where risk measure
is computed based on sample data then the same sample period is tested. At
time t, it is assumed that only the information until time t-1 is available, hence
analytical VaR and CoVaR are computed from the historical data up to t-1,

then it tests whether those measures are breached by portfolio return at t.

4.1 Kupiec’s Failure Frequency Test

The failure frequency (FF) test developed by Kupiec (1995) being the most well
known and the simplest backtest method, was used. This test is concerned with
whether or not the reported risk measure (VaR and CoVaR) is violated more
(or less) than p of the sample. If it is violated more than p, then the accuracy
of the underlying risk model is called into question. The hypothesis to be tested

would be

Hy :Number of Historical Breaches is not significantly different from 5% xN
H; :Otherwise

Using a sample of N observations, FF test phrases basic frequency in likeli-
hood ratio (LR) form,

LRpp =2 [(W)Nx (””g\]ﬂ (6)

where x is the number of failures (breaches) in the sample N is the sample
size and p is the probability of a failure under the null hypothesis. Under the
null hypothesis, test statistic has a (Chi-Square distribution with one degree of
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freedom). If the proportion of violations, , is equal to then the takes the value
zero, indicating no evidence of any inadequacy in the underlying risk measure.
As the frequency of violations, x, differs from p, the grows indicating mounting
evidence that the proposed risk measure either systematically understates or
overstates the portfolio’s underlying level of risk. In short, it boils down to
a test of whether the empirical frequency is sufficiently close to the predicted
frequency p. If this likelihood ratio is larger than the chi-square critical value,
then it indicates that the null hypothesis is acceptable and that provide risk
measure is acceptable / valid, vice and versa.

Analytical VaR and CoVaR are computed with 100 day lookback period to
count historical exceedances which x is derived. Then are calculated to test the

null hypothesis. Table 1 presents the first 50 days of computation.

(Insert Table 2)

Note that VaR and CoVaR figures are converted to return measures (neg-
ative in general) to help understanding while previous analysis expressed VaR
and CoVaR as loss (positive in general). As we can see in Table 2, for 1/n
portfolio, both analytical VaR and analytical CoVaR pass the FF test in histor-
ical backtesting in the sample period therefore, for the sample period CoVaR

appears to be a valid risk measure.

(Insert Table 3)

Basic frequency test, such as the one that is presented in this section, is based
on a simple intuition, is easy to apply and does not require a great deal of infor-
mation. However, there are well known disadvantages. As Dowd (2005) points
out, it focuses exclusively on the frequency of exceedances over the sample pe-
riod hence throw away information about the temporal pattern of exceedances,
which could be important because many risk models predict that exceedances
should be independently identically distributed. Kupiec (1995) also reports
increasing sample period from one year to two years increases the chance of
detecting the systematic under reporting of VaR from 65% to roughly 90% but
at the cost of reducing the frequency with which the adequacy of VaR measure

can be assessed. In this respect, the sample period used in this section, which
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is little more than 3 years, may be considered long enough although it could
be too long. A formal stress test on the sample period would be an interesting

topic for further research.

4.2 Christoffersen’s Conditional Testing Backtest

To overcome the problems of FF test, Christoffersen (1998) suggests conditional
testing Backtest (CT) which first separates out the particular predictions being
tested and then test each prediction. The first step is same as the FF test,
which generates the ‘correct’ frequency of exceedances. This is the prediction of
correct unconditional coverage. The second step is to test to determine whether
sample exceedances are independent of each other. This is important insofar
as it suggests that exceedances should not be clustered over time. Evidence of
exceedances clustering would suggest that the model is misspecified, even if the
model passes the prediction of correct unconditional coverage. Therefore the
hypothesis to be tested for unconditional coverage test is identical to that of

Kupiec’s FF test while the hypothesis for the independence would be

Hj :The historical breaches are independent to each other
H; :Otherwise

Since Kupiec’s FF test is the unconditional coverage test, LRpp is rephrased
as LRyc in this section. Turning to the independence prediction, let n;; be the
number of days that state j occurred after state i occurred the previous day,
where the state 0 refers to non-exceedances and 1 refers to exceedances, and let
mi; be the probability of state j in any given day, given that the previous day’s

state was i. Under the hypothesis of independence, the test statistic is

(1 —Fo)"" Foi* (1 — 1) Woi*

(1 _ %2)n00+n11 %;loﬁrnn (7)

LRjng =2In

where the estimates of the probability are defined as

no1+nii

no1 = ni1
noo+mno1+nio+nii

d7
noo+mno1’ nio+nii 2

o1 = T =

LR;,q is also distributed as a x2 (1). Table 3 presents number of days, n;j
and the estimates of the probability, 7;;
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(Insert Table 4)

It follows that under the combined hypothesis of correct coverage and in-
dependence, the hypothesis of correct conditional coverage, the test statistic

is:
LRcc = LRyc + LRing (8)

which is distributed as x? (2). As Dowd (2005) points out, the Christoffersen
approach enables us to test both coverage and independence hypotheses at the

same time. Table 4 presents likelihood ratios and the test result.
(Insert Table 5)

With the current sample, LR;,,4 cannot be computed with CoVaR exceedances
because state 11, where two exceedances occurred consecutively, never hap-
pened. Hence ny; = 0, making 717 = 0 and therefore as result the LR;,q =
21n(0), which is not defined. This provides strong evidence that for the current
sample the CoVaR exceedances are independent to each other. With the cur-
rent sample, analytical VaR performs very poorly in independent test although
it passes the unconditional test. This might be because the sample period in-
cludes the period of recent financial crisis. This can be interpreted as, during
the sample period, (1) the unconditional expected VaR exceedances was not sta-
tistically higher than what we intended but (2) VaR exceedances were serially
correlated. This result is because VaR does not pick up the increased correlation
between the market and portfolio return. Hence when the portfolio loss exceeds
VaR today, breach is likely to happen again tomorrow and this might be due to

autocorrelation in portfolio return series.

5 Models of Price Processes

In the previous section, analytical CoVaR is empirically validated via back-
test. This section intends to provide a theoretical frameworks within which to
investigate and validate analytical CoVaR. The objective of this section is to
investigate the sensitivities of VaR and CoVaR with respect to the underlying

correlation between market and portfolio returns. In order to do this, I first
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present a model that assumes portfolio and market values follow bivariate log
Wiener process. From this, I expect to see a straight forward result of why VaR,
failed and how CoVaR captures systemic risk in the simplest possible construc-
tion. Then I present the second case where the log price of a portfolio and the
market follow OU Process. In the previous we saw VaR breaches are serially
correlated and this is because there is autocorrelation in portfolio returns. OU
process introduces autocorrelation in returns hence the key message that I wish
to deliver by employing OU process is the impact of autocorrelation in the sen-
sitivity of those measures with respect to the underlying correlation between
portfolio and market returns. I do not believe that either process is the true
process governing all returns. However, such what-if model helps to gain greater

insights in understanding how analytical CoVaR captures the systemic risk.

5.1 If Prices follow Geometric Brownian Motion

This section investigates analytical VaR and CoVaR when returns are iid. As-
sume that the prices follows a bivariate geometric Brownian motion, a form that
is very popular and well known to model stock price behavior used in many of
previous works such as Black and Scholes (1973) and Hull (2007).

dP(t) = pP(t)dt + o P(t)W (1) (9)

= () o= (2 0= (220
M g

W(t) = ( We(?) ) and E [dWr () dWp (1)) = rdt
W ()

P stands for price, subscript P indicates that the parameter is for a portfolio,
subscript M indicates that the parameter is for the market. p,,; and o, indicate
the mean and the variance of underlying process qp;. W; denotes a Wiener
process. Wy, (t) and Wp(t) are correlated Wiener processes with correlation
coefficient k, i.e. . Therefore k can be seen as the underlying systemic risk of a
portfolio with respect to the market. For most financial assets, we expect k to
be positive. The system of equation (9) can be easily solved using Ito’s Lemma.

Assuming the price process starts at s,

14



Pp(t) = Pp(s)exp ((up — 50%) (t — s) + 0 (Wp(t) — Wp(s)))

10

Pu(t) = Par(s) exp ((uM - %O‘%\/[) (t—s)+o(Wp(t) — WM(S))) (10
Remark 1 The solution to the system of equations (9)

R(+1,6)= = 5o? + F (W (t4+1) = W (1) (11)

where

ra(t+1,t) :==log Pp(t+ 1) —log Pp (t)

H:<Up\/1—H2 IiUp)H:(Jp 0 >HH':< o2 FLO’pO’M>

0 oM 0 om KO pO M U?M
The proof of Remark 1 is found in Appendix D. Note that E [Wy (t) Wp (t)] =
EWy(t+1)Wp(t+1)]=rand E[W; (t+1)W;(t)]=0,i=M,P. i=M,P
and j = M, P. The mean, variance and covariance of rps (¢ + 1,¢) and rp (t + 1,1)
is summarized as below. Again note that, as previously mentioned, these are

conditional on time 0 information.

E(ry (b4 1,8)) = pypr = fiar — 5074, Var (ra (t+1,t) = 02y = oy
Erp (b +1,6) = fop = pip — 303, Var (ra (¢4 1,8)) = 02 = 0%
Covrp (t+1,t),rp (t+ 1,8)] = 0rprs = POk

As expected, log returns R (t + 1,t) :=log P (t + 1) — log P (t) are normally
distributed. Therefore the correlation between market return and the portfolio

return can be written as
Correl [rp (t+ 1,t) ,rar ((+ 1,8)] # pppp g = ZEBM = g5

OrPOrM

And the beta can be expressed as

op
oM
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Remark 2 Under the current framework, portfolio analytical VaR and CoVaR

can be expressed as
VaR] = —pp + Ao p (13)

CoVaRqP‘M = —pp+Aopk+AV1—K2op (14)

Proof of Remark 2 is omitted. Remark 2 confirms that under no return
autocorrelation, portfolio value at risk is independent to the cross correlation
between market and asset return. This is the precise reason why CoVaR is

introduced.

Proposition 3 The sensitivity of portfolio VaR and CoVaR with respect to k,
under independent return series and assuming equations (9) to (14), can be

expressed as

OVaR[ (t)

=0 (15)

dCoVaRE(t) K
e’ _ [
8& )\qu <]. m) (16)

The proof of Proposition 3 is omitted. Under no autocorrelation in return,
VaR is invariant to k. The sensitivity of CoVaR with respect to the underlying
correlation & is determined by the interaction between s and v/1 — k2 which
are coming from ,/1 — p% pterm in equation (3). Although the assumption
that the prices follow a bivariate geometric Brownian motion is unrealistic,
the advantage of such assumption is the simplicity and it provides straight
forward implications. Equation (15) and (16) show that that the sensitivity
of \/1— p%’ a term with respect to the underlying correlation determines the

effectiveness of CoVaR. This result will be reinforced in next section.

16



5.2 Prices follow Log OU Process

I present a variation of Hong and Satchell (2011), which assumes asset and mar-
ket returns follow bivariate log Ornstein-Uhlenbeck (OU) process. The model
allows asset and market price processes to be correlated. This correlation may
correspond to common factors due to the stock’s dependence on factors such as
size or value and the markets co-variation with these factors. Assume that the
logarithm of the asset prices log P4(t) and log Py (t) have linear trends u 4t and
1yt respectively. We consider the process

qu(t) :==log Ppr(t) — ppst qa(t) :=1log Pa(t) — pat

which we call the de-trended log price process to emphasize that the vector
Q(t) contains no deterministic trend component. Assume that Q(¢) satisfies the

following pair of stochastic differential equations,

qu(t) = (—epqu(t) +9p2qM(t)) dt+0’dep(t) (17)

dqm (t) = —0nmqm (t)dt + o dWoay (t) (18)

where the same notation for parameters are used as the previous section. 6
and o are the parameters of the OU process with the obvious use of subscripts.
There is no reason to believe that either a portfolio or the market return con-
verges faster than the other. Hence there should be no restrictions on the
value of Op1, Ops and 0y;. Equation (17) allows portfolio value to error-correct
around the market price; this is one particular parameterization: alternative
ones could be considered as well. Equations (17) and (18) do not presume sta-
tionarity or trending in either a portfolio or the market. Equation (18) allows
for a continuous-time error correction mechanism about 0, if theta is positive.
This model has been successfully used by Lo and Wang (1994, 1995) to analyze

option prices when the data are auto correlated.

Remark 3 The solution to the system of equations (17) and (18) is given by
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R(t+h,t) = ( Ha )y

Har
e—0mh _q Op2 (efQMh _ 679p1h)
Op1—0
+< . Q) (19
—0p1(t—u) Op2 —Or(t—u) _ —0pi(t—u)
t+h [ € ot (e e )\ =
+/, ( 0 P1=0m J—Oas (1) HdW (u)

A proof of the Remark 3 is found in Appendix E. Note that this is not the
only possible representation of this process. The same process and therefore the
same solution can be found by taking the difference between 0 and t+1 of the
underlying Q (rather than return) An exact discrete representation of Q(t) and
hence R(t+1,t) has also been computed. Alternative representations of the log
normal OU process are analysed in the Appendix F.

The properties of the market and portfolio return series that Q(¢t) generates
can be derived from the equation (19). The mean, variance and covariance of
ra (t+1,t) and rp(t+1,t), based on Remark and the appendices are summarized

below. These are all calculated conditional on time 0 information.

E(TM (t+ h,t)) = Wppr + qM(())e—Q]\/[t (e—GM _ 1)

Var (raa(t+1,8)) = o2y = (£33 o4,

E(rp (t+h,t) = pp + qp(0)e=071t (e=0r1 — 1)

+0P?1126M CIM(O) (e—GMte—GM(t-&-l) _ e—9p1t6—9p1(t+1))

2
_ 2 _ ( ombps e20M 1 | P11 (OP1ton) g
Var (rp(t+1,t)) = Orp = (01»1—01\4) ( 201 + 2051 Or+0p1

20p1_1 o 260 (0p1+9n1) _1
e p2 e e
+ 205, OM + O0p1—0n 0p1+0n 20p1 aMopPk

In this model, both market and portfolio return processes are subject to
autocorrelation, i.e. p,.aa # 0 and p,.pp; # 0. The proof of this statement
is omitted (see page 18, Lo and Wang 1994). This is desirable because returns
measured over shorter periods may suffer from autocorrelation. The covariance

of portfolio return can be written as :
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Cov [TP (t+ 17t) y M (t+ 17t)] = U%Pr]\l

[ e(0p1+0nr) 1 Opo elep1+onr) 1 (20)

2 e\TP1TIM) -1
- ( 20 1 Or+0p1 ) Op1—0m O M + O t0p1  OMOPK

Therefore the correlation between market and a portfolio return can be writ-

ten as:

OrPrM
PrPrM = (21)
OrpPOrM

Equation (21) also can be written in terms of the underlying parameters,
op,on,0p1,0p2, 0, k etc but it would not be necessary to include the entire
term for our purpose, let alone it is too long and complicated. For all values
of Opy and 6); such that 0p; # )7, assuming the one period population beta
under non-zero autocorrelation in return series assuming equations (17) to (21)

and can be expressed as:

5 _ 176(9191*'9]\4)71. 20 po 0po
P,M Or+0p1 Op1+0n ) Op1—00 (22)
e(Priton) 1 20y, 3
Or+0p1 Op1+0r -G
where
op
Boa=—"k (23)
G
oM

The proof of the Equation (22) is found in Appendix G. S is the portfo-
lio beta when prices follow geometric Brownian motion. The sensitivity of a

portfolio beta with respect to can be expressed as:

aBPM 1 — e(@P1+0n) 200,

Ok 1 — e20m .9131 + O

(24)

It is computationally more efficient to express analytical CoVaR with beta
than correlation in this model, since we can avoid dealing with square roots of

parameters in the denominator.

Remark 4 Under the current framework and substituting the correlation with

beta, portfolio analytical VaR and CoVaR can be expressed as
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VaR[ = —p,p+ Aorp (25)

2
o
CoVaRy™ = —p,.p + Bp s (VaR{ + p) + Agorpy |1 - Bi’,MO_QLP (26)
rP

The proof of Remark 4 is omitted. It is computationally less burden to
compute analytical CoVaR with portfolio beta than with correlation between

portfolio and market returns. Note that u, p, o,.p and Bp ), are the functions

of k and therefore VaR is sensitive to the underlying log price correlation via

portfolio volatility.

Proposition 4 The sensitivity of portfolio VaR and CoVaR with respect to k
under non-zero autocorrelation in return series and assuming equations (17) to

(26), can be expressed as

8VaRqP(1f) ~ AoMOP ( 20 py ) (6(91\44-9131) —1 e(@0p1) _ 1) (27)

ok B 20’7«13(/{) Op1 — O Or + 0p1 B 20 p

dCoVaR™M(t) 1 (6m+0p1) L 20m . 629A1—1>\ o
Ok T 1-e?PpP1 Or+0p1 200 49 M (28)
+ Ag > dorp 5 98p m GiM
VB ok P,M " 9k o’ip

where B = 1-%, , 2

The proof of Proposition 4 is found in Appendix H. Equation (27) explains

why VaR fails when the financial market is under distress. The only source

of k sensitivity in analytical VaR is the portfolio variance, which is inversely

related with the sensitivity. Such inverse relationship makes portfolio VaR less

sensitive to the underlying correlation when the correlation suddenly jumps
g 9B8p.m

to a very high level. Note that v > 0 and —>* > 0 hence the sign of

equation (28) depends on the magnitude of 0, Op1, Op2, and k. As shown in
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equation (27), ag:f is inversely related to k, 3p 5 is positively related to x and

U% is inversely related to k. Therefore increases in x has an opposite effect

rP
to Bp ar and % Although it would not be meaningful to analyze the precise

magnitude of the tradeoff due to the complexity of equation (28), there is a clear
indication that the effectiveness of analytical CoVaR in capturing systemic risk
comes from the tradeoff between the sensitivity of portfolio and market return
correlation and the sensitivity of the portfolio return volatility with respect to
the systemic risk. As algebraically shown in Proposition 3 and Proposition 4,
VaR of a portfolio can always be reduced by taking less risk, however it does not
necessarily reduce CoVaR. In order to reduce CoVaR, managers need to either
decrease assets that are highly correlated with the market or increase the assets
that are not correlated with the market. Therefore theoretically, replacing assets
that are highly correlated to the market with less correlated ones would reduce

CoVaR while maintaining the same VaR.

5.3 Parameterization of Log OU Process

As previously mentioned, Proposition 4 is complicated that it would be helpful
to show equation (27) and (28) visually. There are two reasons for parameteri-
zation, (i) to perform a sensitivity analysis of analytical CoVaR with respect to
K, (ii) to locate sensible value of parameters. Historical correlation data cannot
be altered hence we are not able to carry out what-if type sensitivity analysis
with respect to k. The sample period is from July 23, 2009 to April 6, 2011 and
I use Goldman Sachs data then the parameters of bivariate log OU process are
estimated. The only reason for parameterization is to locate a sensible set of OU
parameter figures hence could be any data and GS and the sample period are
chosen for no particular reason. Then the parameters are chosen based on the
estimated figures to show equation (27) and (28) numerically. The OU model
in this section has certain peculiarities; whilst the de-trended log price equation
is simple, the returns equation is complex. It can be shown that the matrix
return equation is VARMA(1,1) in returns (See Appendix F). Substituting out
the Q(t) term yields a moving average representation in terms of the original
error term. This leads to complexity in estimation. Regressing on Q(t), we get
similar structure to our de-trended log price equations., so we shall estimate the

model in de-trended log prices.
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O, Op1, Op2, oar, op and kK are estimated using maximum likelihood, which
is equivalent to generalized least squares (GLS) with one iteration (see appendix
I for the equivalence of MLE and EGLS). Iteratively reweighted least squares
(IRLS) is used when heteroskedasticity or correlations, or both are present
among the error terms of the model, but where little is known about the co-
variance structure of the errors independently of the data. In the first iteration,
OLS or GLS with a provisional covariance structure is carried out and the resid-
uals are obtained from the fit. Based on the residuals, an improved estimate
of the covariance structure of the errors can usually be obtained. A subsequent
GLS iteration is then performed using this estimate of the error structure to
define the weights. The process can be iterated to convergence, but in many
cases, as Carroll (1982) and Cohen et al. (1993) have shown that iterating once
is sufficient to achieve an efficient estimate (see appendix J for the derivation of

the estimation method).
(Insert Figure 1)

Figure 1 confirms the argument made in the previous section that analytical
VaR is insensitive to underlying correlation while analytical CoVaR is sensitive
to it.

6 Discussion, Extension and Further Research

6.1 Use of Publicly Available Return Data

Presented methodology is based on publicly available return data of a financial
institution. This is supported by many others including Acharya et al. (2010)
and Brownlees and Engle (2010). It is advantageous in that it allows CoVaR to
be applied to a firm specific risk model rather than a more general macroeco-
nomic systemic risk model. However this assumes that the investors value the
company’s risk properly, which does not always the case. Hence the methodol-
ogy is useful as a simple screening method of firm’s systemic risk management
to raise a red flag. Analytical CoVaR can be applied to different books and

portfolios within a firm to provoke a further detailed investigation. This point
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corresponds to the main objective of introducing analytical CoVaR as previ-
ously stated. Analytical CoVaR is useful in that it serves as a computationally
inexpensive systemic risk screening measure that would provoke detailed inves-

tigations of risk exposures when an unusual systemic risk is identified.

6.2 Accuracy of Analytical Form

It is clearly indicated that the most important advantage of analytical CoVaR
is its simplicity. Analytical CoVaR is a computationally inexpensive method
of screening to grab overall systemic risk of a portfolio at the expense of some
accuracy. Given that the analytical method is precise but not accurate, one
may question how inaccurate the analytical measure. The best place to start
the further investigation would be previous literatures assessing analytical VaR
accuracy. There are plenty of academic works showing that analytical VaR is
reasonably accurate. Garbade (1986), J.P. Morgan (1994), and Hsieh (1993) ar-
gue that changes in the portfolio function can be well-approximated by the delta
of the portfolio. Chapter 9.5 of Jorion (2001) empirically show the accuracy of
delta normal VaR and conclude that it gives a coverage that is very close to the
ideal number although it seems to underestimate VaR slightly. Table 9 — 3 of
Jorion (2001) summarizes the tradeoff between accuracy and the computation
speed to illustrate the usefulness of delta normal VaR.

Any investigation of VaR depends on the effectiveness of linear (delta method)
approximation of the unknown independent return distribution while assessing
the accuracy of analytical CoVaR involves unknown conditional return distrib-
ution hence a different approach would be needed in exploring the accuracy of
analytical CoVaR. Some empirical evidences are already presented in Chapter 4
of this paper where the empirical backtest showed that analytical CoVaR accu-
rately capture the probability of historical breaches. However the problems of
the two methods are well known and the further theoretical investigation would
be needed. I ponder the test on the accuracy of the analytical form would be-
come test of the validity of the normality assumption made when deriving the
analytical form. I leave this to a later paper where I plan to present a simple
model to investigate the accuracy of analytical CoVaR. The paper would start
with the assumption that a particular stock and S&P500 history are correlated
bivariate Weibull distributed just to locate some parameter values which we

can take to be the true ones. We know the exact values of moments and the
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VaR of the Weibull distribution, so simulating random Weibull distributions
based on the original financial data would be the starting point. Weibull dis-
tribution is selected as an example due to its popularity and the non-normality.
The correlated bivariate Weibull distribution would allow creating conditional

distribution of return where we can assess the accuracy the risk measure.

6.3 Extension: Loss Beyond CoVaR, Analytical CoES

Loss beyond VaR can be captured by ES, which is an average expected loss given
that the loss exceeded VaR. CoES to CoVaR is the analogous of ES to VaR. The
advantage of CoES relative to CoVaR is that it provides less incentive to load
on to tail risk below the percentile that defines CoVaR. CoES is the expected

portfolio return given that is lower than CoVaR hence is defined as

CoESPM — E (RP | RF < coVaR;’IM) (29)

Note that this definition of CoES is for individual portfolio, not for an ag-
gregated system hence is different from that of A&B (2010). There are two
conditions applied to CoES, (1) given that a portfolio return is lower than Co-
VaR, (2) that the market return is at % VaR (the market is under distress).
The first condition comes from ES and the second comes from CoVaR. Therefore
CoES can be interpreted as the expected return (or loss) of a portfolio when
portfolio return is already lower than CoVaR given market is under distress.
Although in different expressions, the CoES is equivalent to Systemic Expected
Shortfall (SES) of Acharya et al. (2010), which measures the contribution of
the individual bank’s contribution to systemic risk. It is a straight forward to
extend analytical CoVaR to analytical CoES using the conditional moments of

portfolio under normality.

Proposition 5 The analytical form of CoES can be expressed as

P|M op M ¢ (Ag)
C’OESql :—up—pa (VaRq —l—uM)—i- 17qq \/1—p§3’M0'p (30)



where ¢ () is the value of the standard normal density function and the
other notations are the same as before. The derivation of Proposition 5 is in
Appendix K. Analytical CoES introduces a simple and straight forward way to

aggregate and disaggregate individual systemic risk contribution of each bank.

7 Conclusion

In this paper, analytical form of a point and a range approximation of CoVaR are
proposed. Analytical CoVaR is advantageous in that it saves much computing
time and effort. It can act as a screening risk measure that raises red flags when
it needs more in-depth investigation on the risk of a portfolio. Then empirical
backtests using Kupiec’s failure frequency test and Christoffersen’s conditional
backtest are performed to find that the historical in-sample analytical CoVaR
exceedances pass both tests while VaR exceedances pass only Kupiec’s frequency
failure test. This result can be interpreted as, during the sample period, (1) the
unconditional expected VaR exceedances was not statistically higher than what
we intended but (2) VaR exceedances were serially correlated. I have advocated
the use of the bivariate cross correlated geometric Brownian motion and log OU
model to theoretically illustrate how analytical CoVaR captures the systemic
risk. From the comparison of the Brownian motion model and the bivariate
log OU model, it is shown that under no autocorrelation in returns, analytical
VaR is not sensitive to the underlying correlation while when autocorrelation is
present, it becomes less sensitive as the level of the underlying price correlation
between the market and a portfolio becomes high. In both cases, analytical VaR
fails to capture the increase in systematic risk if the correlation between the
market and a portfolio return suddenly jumps to a very high level, which occurs
when the financial market is under distress. It is identified that the interaction
between the correlation and the volatility of the portfolio return, which both are
sensitive to the underlying systemic risk, governs the effectiveness of CoVaR in
capturing the systemic risk. The result conforms to existing literatures and also
is intuitive. A discussion regarding different aspects of analytical CoVaR and
its potential application is presented and a theoretical model of assessing the
accuracy of analytical CoVaR is suggested as a further research topic. Analytical
CoES, which could capture individual institution’s contribution to systemic risk,
is presented as a straight forward extension that could overcome a criticism on
CoVaR that it overlooks the tail return distribution beyond CoVaR.
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8. Appendix

A. Proof of Proposition 1

Define f(R"): pdfof R, F(R"):cdfof R, F,'(§): the inverse of F(R") at ¢
q: the threshold quantile (confidence level),
R’ (g) : the q order quantile function of cdf

Then we know that Pr(R” < R”(¢q))=¢-
VaR; , VaR with 1-4 confidence level, is defined as pr(rR” SVaR;)zé and

interpreted as the loss below some reference point, L, over a given period of time,
where there is a probability of § of incurring a loss equal to or larger than L. (i.e.

VaR; =L—R"(§)).- When the reference loss is set equal to zero, VaR; becomes

R =-F"(q)-
Therefore, using the definition of VaR, analytical VaR of a portfolio can be
represented as

VaR; =VaR(§,R")=~F,"(§)=z"(§)=—p, + 1,0,

Since the mean of market return is E[RM ], analytical VaR of the market can be
expressed as

VaR! =—E[R" |+ 4,0,

Assume R” ~ N(,UPaO'P)’ RY ~ N(:UM»GM) and RP‘M ~ N(:“P\M»O'P\M)
Let p,,, be correlation between portfolio return and market return.

Pr(RP SCoVaR;‘M‘RM :VaRé” ):g , CoVaR with 1-4 confidence level, is
defined as the loss below some reference point, L given that the market return is
equal to VaR;”, where there is a probability of g of incurring a loss that is equal to

or larger than L. Going through the same derivation as part 2 and employing
conditional pdf, we get
CoVaR™ = CoVaRq,R," ) =z" () =, + 2,0
where ;1" ()= P*‘iw )
The conditional pdf of X given Y is:

2
o
l —[x—p—xy] /25)2(“,
oy

—— where o—)z(‘y =(1-p")o}
N2zAl=-p o,

fX\Y(x‘y):
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E[x|¥]= Elx]+ p 75 (v - E[y] and o, = (1 p7)or: X~ NE[xpr]e?, )

Y

Therefore, for bivariate normal variable, the conditional mean and the variance are

Il'lP‘M =Hp +,0p,MO'P/O'M(RM _,UM) and O-P‘M — (1_p;!M)GP

Therefore, substituting conditional mean and standard deviation, and using the
Condition that g™ :—VaR[’}” , analytical CoVaR of a portfolio with respect to the

market can be expressed as

Co VaR,;P‘M =~Hp T Pruy %(VaRéw Ty )"" A (- /012>,M )op (AD)

M

B. Proof of Corollary 1

Sharpe’s one factor model states that Hp =1 = B (1ty, —rf) where

ﬂP,M =PruCpl Oy

Substituting 4, = Fp+ B (1y —1,)t0 Equation (A1), we get
Co VaR;‘M =—(=Boas)rs = Bru VaRéW + ;4= p12’,M ) p

Note that CoVaR : I is the ¢ percentile quantile portfolio return that is
conditioned on market return is at a § percentile level. Hence it can be rewritten as
R; | VaRé” is also the g percentile market return which can be rewritten as Ré” .

Therefore the equation (A1) can be rewritten in a form that resembles the CAPM
equation:

R;‘M +r,==Poy (R(;M -7 )+ € (A2)

where ¢ = A= pﬁ,M )Op

C. Proof of Proposition 2
Applying the delta method to the expression for CoVaR requires first derivatives of
VaR with respect to the sample mean and variance. Replacing the variables by their

probability limits, (population moments), we see that our first derivative vector, g, is
shown to be

A U Pl
Co VaR;‘ "= “Hp = Ppru O_ip(VaRq‘M —Hy )+ q,d- pﬁ,M )T,

M

\/ﬁ(ﬁ—ul,w) I T i
IN(s* o2 ofl ™ w-a3,
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Although we use bivariate normal formula, since this section deals with the
asymptotic properties, we do not necessarily assume normality as long as the central
limit theorem holds for non-identical but independent case. Hong et al. (2010)
present how central limit theorem is applied for iid case. The theorem in Eremin
(1999) states that for non-identically distributed independent variables X;, the
Lyapunov condition of convergence of a sequence of distribution of normalized
sums to a standard normal distribution law will be fulfilled if the ratio of non-
random weight coefficients will be a bounded variable: ‘ai /a,»‘ <M, M <o Eremin

(1999) proves the theorem too.
Now consider CoVaR to be the following function of parameters, CoVaR=
Hijps + 9O i with g some known constant typically determined by some parameter

— free distribution and corresponding to the inverse of a lower-tail probability,
indeed in most contexts, we can view it as negative. . M and uy M are the third and

the fourth moments of conditional portfolio return distribution. Taking the derivative
of CoVaR with respect to the mean and the standard deviation of the portfolio gives
the first derivative vector, g,

N e R

P 20,0y 20,

Given that the delta method implies that the limiting distribution is multivariate
normal with an asymptotic mean a vector of zeroes and also that the asymptotic
covariance matrix is g'Yg , the result follows.

\/N(EJ”LV_#P\M —xlaP‘M) — 5 N(0.o?)

where the asymptotic variance of CoVaR distribution, & ?, is

) )

3 4 T Ypu
20,0, 20, 20,0, 20,

(1- pP,Mz)O'; TP

Letp(Rclew_,uM)_i_qa Vl_p2 =G

20,0, 20,
2

then, aw? can be written in terms of conditional moments

o a7 oo i - e -

and this can be rewritten as

o =02, (14 Go, k1 + G2, (k1 -1)) (A3)

PM
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It is an immediate consequence that we can build a 95 or 99% confidence interval,
the width of which is
2eW @’

N

Here cv is the relevant critical value.

D. Proof of Remark 1

|
PP(I)_PP(O)CXP[[#P_2GPJZ+GPWP(Z)J (A4)

1
PM (t) = PM (O)CXP((IUM _EG/%/I jt + GMWM (t)]
Taking log of equation P, (1) =P,(0) exp((,u,, _%0'12’ jt +o, W, (I)J , we get

log(P, (1)) = log(P, (0))+ (up —;aﬁ} +0, W, (1)
and therefore
log(P, (t +1)) = log(P, (0))+ (up - % aij(t 1)+ oWy +1)
Hence
log(P, (¢ +1)) - log(P, (1)) = (up - % aé] A UAGIEAG)
And the log return can be defined as
rp(t+1,)=log(P, (t +1))~log(P, (1)) = 1, —%aﬁ +0, (W, (t+1) =W, (1))
Applying the same process to market price process to get
ry (e +1,0):=log(P, (t+1))-log(P, (1)) = p,, —%0'1%4 +o, (W, t+ D) =W, (1))
Therefore

R(t+1,¢)=u —%0'2 +HW(@+1)-w(@)) (AS5)

E. Proof of Remark 3
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Combine the processes ¢,(¢) and g, (¢) into an 2 dimensional random process Q(t)
and the independent Wiener processes Wy (t) and W4(t) into a 2 dimensional Wiener
process W(t). Denote 2asal2x?2 diagonal matrix of volatilities, & 2 and oy And
let matrix A be a matrix of coefficients. i.e., we set

Q(I)ZZ(qP(I)j’HZ(GP 0 j’H:[Vl—K‘Z K'J’

gy () 0 oy 0 1

H:HH:(O- 1-x* KO-]Z::HHE( o; KO'PO'M}

2
0 KO ,0,, O

dW(t):—( P()J ﬁ dE(t) = ( Ep(t)j and A::(_QPI sz \J’
W, (@) dE,, (1) 0o -0,

Note that dE(t) = dE,(t )j O Id)

Thus the system

(d‘IP(t)j:(_ Op  Opy J[qp(t)Jdt"'H(dEP(t)J
dq,, (1) 0 =0 N\ gy (D) dE, (1)

becomes
dQ(t) = AQ(t)dt + HAE(t)
And therefore we have
exp(—A1)dO(t) —exp(—At) AQ(t)dt = exp(—At)HAE(t)
Integrating both sides from t to s we get,
exp(—A5)dO(s) ~exp(= A1) AQ(t)dr = [ exp(~At) HAE (1)

SO
O(s) = exp(— A(t - 5))O(t) + exp(As)J.; exp(—Au) HdE (u) (A6)

= exp(— 4(t = 5))O(0) + exp(4s) | : exp(A(s —u) )HAE (u)

The differential equations, (qa, qu) is Gaussian given its initial value (q4(0), qu(0))
att =0, as we can see from the following explicit solution:

Let g._| ¢ b . B a’ bla+e) ety =1and ¥, =a+c, then gn _ a’ bV,
0 ¢ 0 c? 0 ¢

n+l n+l

a "
now V. =al, +c" and therefore ——ifa#c
" Vn+l a—c

(m+Da"ifa=c
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P (e -e)
at at ct
. e e —e
if a # cthen e” = d—c

Hence 0 o
at at _1
ifa=cthene” =| € b(e )
O eat

Ifa=c=0, exp(ar) = 1 0\When 4= b _ =04 05 ) we obtain
01 0 ¢) Lo -o,

u e*‘g/n’ 9/12 (6*9.'»1’ _ e*‘g/n’)
e = 9A1 - HM
0

=0yt
e M

and therefore, setting s = t+1, the solution is given by

—Op (1+1) 0p, (e-awun) _e-ep,(m))
o@t+1)= 0, — 6, -0(0)
0 et (A7)
w4l O (1) Op, (e—awmku) _efep,(mfu))
+ .[ 0, -0, - HdE(u)
0 O e*aw (t+1-u)

Define 7, (¢):=logP, (t +1)—logP,, (), r,(t):=logP,(t +1)—logP,(¢), and let
Sy :eig“” -1, Eom 2629“4 -1, &p :e*HPI -1, &py :€2€PZ -1 and Epiy 26(311"‘91’1) 1
t . ..
7p( )] =O(t+1)—0(f)+ u can be written, writing out
1y (1)
(A7) twice at t+1 and at t and subtracting, as

then the return vector R(t)= (

0
U & 2 __(g, —¢&
R(z)=[ ”J+ Y 0,0, (e =) -0(0)
Hur 0 &, (h) (A8)
) 0, (e—HM(H,) _efﬁm(lfu))
+ | On=0n" - EdW (u)+ V(1,0
t 0 e o —u

where V/(¢,0) can be expressed in matrix notation

V(t,0) = j(exp(A(r +1—u)) —exp(A(t —u)))HdE (1)

F. Alternative Representation of the log OU Process
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From Appendix A, we know that the solution to the market system is given by,
using A(1)

g (=4, (0)+ 0, [ W ()
0

1+
g+ =g, (0)+0, [ ™ aW (u)

0

Therefore

t+1
(4D =g, (= ~1)g, )+ e o, [ dW ()

Using the properties of the Ito integral,the error term in the above expression has

unconditional mean zero and time t conditional variance equal to

oy (1-exp(29,,))
~29,

Likewise,

04 0142 (e*BM _ 679’“ )

e
o@t+1)= 0, -6, -0(1)
0 e (A9)
0
t+ e-e,“(t+1-u> A2 e—HM(t+l—u) _6—9A1(1+1—u)
+| 0,-0, ( ) - HAE(u)
t 0 e"?w (t+1-u)

By setting h to 1, we see that discretized market data has an exact AR(1)
representation, whilst Q(t) has an exact VAR(1) representation. The error processes,
being based on non-overlapping Brownian motions, are independent and identically
distributed normal errors. Thus additive returns being the difference of Q, will be
VARIMA (1, 1, 0) plus a drift term.

We can write this in matrix notation as
O+ =A4A0@)+V(E+1)
Ot +1) =00 = (A= L)O(N) +V (1 +1)
R(t+1,0)= u+ (A= 1L)0(0) +V (t +1)

We can see that the matrix return equation is VARMAC(I, 1) in returns. If we wish to
substitute out the Q(t) term, we would get a moving average representation in terms
of the original error term in (A4) as in Perron et al(1988). This leads to complexity
in estimation so we shall estimate the model in de-trended log prices.
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If a=c=0, exp(Ar) = ((1) 9;12) we have the random walk case, we then can solve the

system directly

And

t+1)= b On), t+t.+[11 O -HdE
o( )—0 1 o) 0 1 (u)

t

q,+)—q,()=0,q9,0)+0, .!'dEM(“)'Fo-Am.!'dEA(M) (A10)

t+1

gy (t+1)=q, () =0, [dE, W)

G. Proof of Equation (22)

& & 0 £
C R0 o e —7 V] P2 > Eru P
OV[I’P()I’M()] (ZQM epl_,’_gMJgPl_gM Oy 9P1+9M Op0y,

£
Var(r, (1))=0o2, = [22]\; ja,@

ﬁ _ COV[rP (t)’rM (t)]
" varln, @]

gZM _ gPM HPZ O_Z + gPlM
M
20, 6, +0, )6, -6, 0,,+6

Eom | 2
O
(29MJ .
-1 -1
_| S ___Epim Eam 6p, " Epim Eam &K
20, 6,+6,)\20,) 6,-6, 06,+6,\20,) o,

3 [1 B e(9P1+'9.\4 )h _1 ) 20M J 9}’2 e(9P1+'9M )h _1 20M O-P
M1 0, +0,

0, -6, &M _1 0,+0
Pl Oy e p1 0y Oy

Since the portfolio beta when prices follow geometric Brownian motion, B = Op
G O_M
then,

('9P|+'9M ) _ ('91’1*"9‘&1 )h _
ﬁP,M = (1 -< 20,1 1 ’ 2 j Or: + < 20,1 1 : 20 Ba (ALD)
10,40, )0,-6, &M -1 6,+0,

H. Proof of Proposition 4

1. VaR
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{0;(629” _1)+[ 04 Op, jz[(eza‘, _1)+ (629p1 _1)_ z(e(9p1+9.u) _1>J

29P1 9P1 - HM 29M 29P1 gM + 9P1
O,p=
r ( ZHPZ j( (e(‘gm*g.w) _ l) (ezgm _ l)j
+ - 0,0 pK
9P1 - eM HM + 9P1 29131

Applying the chain rule, we get

VaR; (1) _, 99,

oK ¢

oOn0y) _ (eza,,l _1)
[ e
e [l ) )

20, 20, Oy + 05,

(0p1+64r) _ 20p _
+( 20,, j((e 1) (e 1>J6Mow<
aPl aM HM + HPI ZHPI

2. CoVaR

2

o
CoVaR;" =11, + P (W)\VaR)! +y,.M)+ﬂqa,.P(x)\/1—ﬂé,M ()52
rP

Applying the chain rule, we get

1
8COVGRP(I) 8ﬂPM oo 5
}u l u\/[
ox v 2
1
2 ) a 2 2
+ﬂ’ O.p [ IBPM j (_an{ ﬁP!M _2 50',13 ﬂPM]
O-rP aK
ﬁ 1- e(‘gm*aw) 20 eZHM -1
Let o._ 2/ pu (V RM +/1,M) T Mg SRy 2,00
—-e 1 T Oy M
2 P )
BZ:I_,B;MJ% and L=2B, Brst oy
' rP ’ oK O,p

Applying Equation (21),
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0CoVaR, 0

JE
Therefore
6CoVaR:(t) _ 1= oOn+0n) 20, 020 _1/1 o s A, 5 oo, 5 0Bpr Ly
oK 1-e*  0,+0, \ 20, " JB ox "™ ok ol
h o,
Wi ereBz:l_ﬁ;wM ™
rP
I. Equivalence of MLE and EGLS
GLS
Ot +1) = AQ(t) +u(t +1) u(t) ~ (0,Q)
t+1 t t+1
Q(f-l—l):(q/l( )J Q(t):(qA()j w(t +1) = ( 4( )J
gy (E+1) qM(t) M(t+1)
g
—0,, (t+h-u) 42 ( Oy (t+h-u) _ —6/“(t+hfu>)
e —\e e
A(h) = 9/11 - HM
0 e—HM (t+h—u)
[ 1—e 20n ot 29,47’(‘7,45\4(1 e (6.1+6)) 1—e 20n 1—e” (6.0+6:) .
- — K«
26/1] ! 91] 9 L 91] +9 26/1] 6/4] +9}\/I JAUM
+[ 0, ]“[l_efzo,,, N =20 B 2(1_5(0“0‘"))}0-‘; 0, (l—e””’ 1= (0, Hou)}f,ﬁ
0= 6,-6, 20, 20, 0,+0, 0,1—0y k 26, 0,+6y
l—e (6.41+6:)
7/(0'/10'!\4 +
641 +9M [l_eizg‘” o2 ]
[ (lfeizgw _ lfei(guw‘w)}o_z 26, "
9,11 _9M k 29.\4 9/11 + eM "

1. Decompose £ (uu' 14)= 404

)3 E(uu

1

2. Construct Q2
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3. Create a new regression by transforming O(¢ + 1), Q(¢), A and u(t+1) as
1 1

Ot+1)=Q 20(t+1), () =Q 20(t), A, =Q 2AQ2 and g(t+1)=Q 2u(t +1)

Ot +1) = A,0(t) + £(t +1)

ssR =3[+ e+ )]= S [0+ ) - 4,000 )\B( + 1) - 4,0 ]

t=1 t=1

=S [0+ DO +1y-24,0(0) 3¢ +1)+ 4,00 (2 4y

-1

t=1

B33 00t + 1420000y 4]0
: [(é(t)é(t),)_l B0+ 1).]: z[(Q_ZQ(t)Q(t)VQv_zJ Q200 (t+ l)Q"z]
MLE

Ot +1)= AQ®) +u(t+1), u(t+1) ~ (0,Q)

Likelihood function:
logL = Z[ “In(27)+— 1n\Q-1\ Q‘lu(t+l)'u(t+1)}
Note Q(t) =log P(t) — ut and the property of m‘Q*l‘ =~ In|Q)] is used

Differentiate logL with respect to the elements in ¢ _ [Oll OIZJ we get,
0y Op

5108L:1T2{r(g ats }r Ti{g (x+1)'a“(t+l)}—;i{u(wl)'?1 u(t+l)}
o

6oj 2 -1 8oj ' j =1 J

-1

0

=1 j j

{Q'lu(t +1)0() 86;4 } + % Z—[(tr(g)— (e + Dt + 1)')6520_}

Since 94 ” 00 , we get
oo, \0 O
T-1

[ou+1y0@)]=0

=1

22[( r(Q)- u(t+1)u(t+l))agi } 0

J
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From the first condition we get,

N 1 ] Y 1
A, =Q 2402 :2[[(2 20()0(t) QY 2] Q200"+ 2]

t=1

J. Estimation Method

{%(Hl)}: e o 99%0 .{q},(z)}{u},(ml)}
q,(t+] 0 PZ_HMM q, @) u, (t+1)

u,(t+1)

~(0.)
U, (t+1)
HH’:[ O'i K'O'AO'MJ as before Hz[O'AVI—KZ KO'A]

2
Ko ,0), Oy

where u(l‘+l) :|:

0 oy

Let o On(trhu) 0,, (e—gM(H-h—u) _e-a,“(ﬁh-u)) a b
A= O =Ou 0, (t+h - 0 ¢ ’
0 e v (t+h-u)
2
Q=AHH:A'=J.M a b o, ko0, [a 0 du
t \0 c\ko,0, o b ¢
J‘Hl(azo'j +2abko 0, +b’c,0, acxo 0, +bcol, Jd
= u
2 2 2
! acko ,0,, +bco,, c oy
Weleth=1,
1 t+1( b ) )d
- ), lacxo,0, +bco, Jdu
(0,146 (t+1-u) ~ (04146 )
1+1 + o e 1—-¢
J. acdh = J. e (0.41+0y (e +1 )dh _ —
! ! 0,+0y ‘1 0, +6,

bedh = J‘ w0, o (Hl—”)(e—g.w (t+1-u) _ e—aﬂml—u))du
t

HAI “Yum
0,, 20, (+ew) (0,40, t+1-u)
— J. (e M — e Wutly )du
eAl - eM !
0,, = o0, (t+1-u) (0,40, Yt +1-)
— J- e M du _ J- e A1T0y du
6/11 - eM ! !

39

(A12)



2] e—ZOM (t+1-u) rl e‘(”m‘*'o.w Jt+1-u) e
— A2 _
0,-0u || 26, | 0,+6, |
_ HAZ 1— e-ng B 1- e‘('gm‘*"g.w)
9A1 - eM 26M 6,41 + eM

+1
J‘: (aCKUAGM +bco, )d
1 e ('941‘“9»1) 0A2 [1 _ e‘z'g.w 1 _ e‘('gA|+'9.\4 ) J )
M

20, 0,+6,

——Ko 0, +
6/11 +6M 6/11 _HM

t+1 2 2 2
J‘ (a o, +2abxko 0, +b 0}, )du
t

t+1 1 _ 6729}”

20,

=204, (1+1-u)

20,

t+1 t+1 _ e
J‘ azdu :J‘ e 20,5 (1+1 u)du __
t t

‘ t

J'”l abdu = J‘”l (e—Qw(t+l—u) _ ottt )du
‘ 9

1 1
(J"* e ~(0,,+0, )(t+1- )y — J"* 6_29”‘(t+1_")duj
t t

9M
~(0.41+0y J(t+1-u) =l 6—20,41(”1—“) g
eM aAl <6, | 20, |,
e‘('gm‘*"gw e—zgm
eM Al + 6 29,41

ol
J;bwu:f;[

2
= (9/12) J‘ ’(e—zawﬂ—u) 4o 2000 _ o 040y )“”’”’)du
9A1 - HM 0

| b (=g +1—e’29‘“ _2(1 e 5“”)“))
0,6, 20, 20, 0,+6,

t+1 2 2 2
J‘ (a o, +2abxko 0, +b 0},
t

B 1_8‘2'941 O-z N 29/12 (1 e ~(0.0+0y) 1_6‘2941
- A
29/11 HAI - gM 9A1 + gM 20A1

2 20y -20, ~(0.0+0y)
+[ 0, Ml—e Jlme 2l-e )JG;

0,-06, 26,, 20, 0,+6,

2
0,42 (e—BM(Hl—u) _ e_gAl(t+l_u) )J du
9/11 HM

JKO'AO'M
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t+1

26, (t+1-u) 26,
3. oy o o (% g e g 2 € _l-e
) co,du=0, e du=o,, 5 ‘ =g oy
M P M
[(1—o20n _ o (0arby) 200 —(0,1+0x)
l-e 2, 20,,K0,0) (1-e l-e ] 1 — o Ou+tu
B - ————K0 ,0,, +
29,41 ! 9,41 79M k 9/41 + eM 29,41 9,41 +GM o
. 9{12 2 1—e 20 . 1= 20n 2(1 ,e*(’?m’?w)) 2 ‘9,12 (1,6*2% ~ 1*67(9*'%") ]O_z
- M
Q 00 =0y 26, 26, 0, +6y v ) \6u-6,\ 26, G446y
1= (Oat0u)
———— k0,0, +
0,4 +6y o 1—e 20 o2
0, 1—g 20 ~ 1= @n+ou) = 26, M
9,41 - eM 29M 9/41 + eM "

Once the covariance matrix of the residuals, Q, is estimated, we can compute
parameters ¢ ,, ¢, and x .

Estimate (A12) with OLS, estimate the matrix A and the residual covariance matrix

1
Q.From 4, ¢ 4 O and x are calculated. Then multiply Q 2 to the both sides of
q,(t+h)

the equation (A12),
o[l b
gy (1+h) 9y (1) Uy (1)

Ay = (Q; AQ;J can be estimated from (A15). Then calculate parameters ¢,,, 6,

(A13)

and 0, from ,219.

£,4(0)
&y (1)

Q‘;|:u/1(t)

uy ()

}(o,n

This ensures we have residual vector {

The detailed steps of the estimation method are as follows.

1. Get OLS estimate on Q(t) and Q(t-1)

2. Using the OLS estimate, compute estimated Q(t) and Q(t-1) and obtain
residual

3. From residual from step 2, get GLS estimate of parameters

4. Using the GLS estimate, obtain residual

5. Run the first iterate GLS based on the residuals from step 4

K. Derivation of Proposition 5

ES is an average expected loss larger than VaR therefore is the weighted average of
tail return distribution below VaR. The average of the worst 100(1 - q)% of losses

can be expressed as
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1 1
ES’ =——\qd
" g Jq-q /4
Under normality assumption, its analytical form can be expressed as

#l4,)

ESj:—yPJrl_

Op

Applying conditional moments, analytical CoES is

A
COES; =—,UPM+¢15(_’;)O'PM
A
:—,uI,M—pP’MOG_P(VaR:/[+,uM)+<f(_qq) 1_p12>,M P
M

42



9. Tables and Figures

Table 1: Log Return Correlation against S&P500

GS MS JPM  BAC UBS CS BCS DB
Pre 069 068 071 067 062 057 048 0.67
Crisis [ 0.76 0.76 0.76 0.70 0.76 0.80 0.62 0.81

GS: Goldman Sachs, MS: Morgan Stanley, JPM: JP Morgan, BAC: Bank of
America, CS: Credit Suisse, BCS: Barclays and DB: Deutsche Bank

Table 2: VaR and CoVaR Exceedances for 1/n Portfolio, first 50 days

Date muM _ muA sigM sigA rho [MktVaR PortVaR Port CoVaR Portfolio Return| VaR Breach CoVaR Breach
2007-07-24| 0.09% 0.12% 0.72% 0.81% 0.9489 | -1.10%  -1.22% -1.57% -2.06% Yes Yes
2007-07-25| 0.08% 0.11% 0.75% 0.84% 0.9523 | -1.16% -1.28% -1.63% 0.44%
2007-07-26| 0.09% 0.12% 0.74% 0.83% 0.9512 | -1.13%  -1.25% -1.60% -1.77% Yes Yes
2007-07-27| 0.08% 0.11% 0.78% 0.85% 0.9497 | -1.20% -1.28% -1.65% -1.42% Yes
2007-07-30| 0.05% 0.08% 0.78% 0.84% 0.9493 | -1.23% -1.31% -1.67% 1.36%
2007-07-31| 0.06% 0.10% 0.78% 0.85% 0.9499 | -1.23% -1.31% -1.68% -1.90%
2007-08-01| 0.04% 0.07% 0.79% 0.87% 0.9497 | -1.26% -1.37% -1.74% 0.67%
2007-08-02| 0.05% 0.07% 0.80% 0.87% 0.9498 | -1.26%  -1.36% -1.74% 0.62%
2007-08-03| 0.05% 0.07% 0.80% 0.87% 0.9508 | -1.26%  -1.36% -1.74% -2.73% Yes Yes
2007-08-06| 0.04% 0.06% 0.82% 0.90% 0.9537 | -1.30% -1.41% -1.79% 2.59%
2007-08-07| 0.06% 0.08% 0.85% 0.93% 0.9570 | -1.33%  -1.45% -1.82% 0.31%
2007-08-08| 0.06% 0.08% 0.85% 0.93% 0.9562 | -1.33%  -1.45% -1.83% 1.47%
2007-08-09| 0.08% 0.10% 0.86% 0.94% 0.9571 | -1.33%  -1.44% -1.82% -2.55% Yes Yes
2007-08-10| 0.04% 0.07% 0.90% 0.97% 0.9589 | -1.45% -1.53% -1.92% -0.62%
2007-08-13| 0.03% 0.05% 0.90% 0.97% 0.9567 | -1.45%  -1.55% -1.94% 0.09%
2007-08-14| 0.02% 0.03% 0.89% 0.95% 0.9550 | -1.44%  -1.53% -1.93% -1.77% Yes
2007-08-15| 0.00% 0.01% 0.90% 0.97% 0.9566 | -1.49% -1.58% -1.97% -1.77%
2007-08-16| -0.02% -0.01% 0.92% 0.98% 0.9576 | -1.52% -1.62% -2.02% -0.30%
2007-08-17| -0.01% -0.01% 0.92% 0.98% 0.9556 | -1.52% -1.63% -2.03% 3.56%
2007-08-20| 0.02% 0.03% 0.95% 1.04% 0.9561 | -1.54% -1.69% -2.12% -0.33%
2007-08-21| 0.02% 0.04% 0.94% 1.04% 0.9554 | -1.53% -1.68% -2.10% -0.08%
2007-08-22| 0.02% 0.04% 0.94% 1.04% 0.9566 | -1.53% -1.67% -2.10% 1.29%
2007-08-23| 0.03% 0.05% 0.95% 1.05% 0.9574 | -1.53% -1.67% -2.10% -0.44%
2007-08-24| 0.03% 0.04% 0.95% 1.05% 0.9570 | -1.53% -1.68% -2.11% 1.05%
2007-08-27| 0.03% 0.04% 0.95% 1.05% 0.9570 | -1.53% -1.68% -2.11% -1.34%
2007-08-28| 0.02% 0.02% 0.96% 1.05% 0.9570 | -1.55% -1.71% -2.14% -2.80% Yes Yes
2007-08-29| 0.00% -0.01% 0.98% 1.09% 0.959% | -1.62%  -1.80% -2.24% 2.25%
2007-08-30| 0.02% 0.02% 1.01% 1.11% 0.9614 | -1.64% -1.82% -2.25% -0.54%
2007-08-31| 0.01% 0.01% 1.01% 1.11% 0.9617 | -1.65% -1.83% -2.26% 1.34%
2007-09-04| 0.03% 0.03% 1.01% 1.12% 0.9621 | -1.64% -1.81% -2.25% 0.88%
2007-09-05| 0.03% 0.03% 1.02% 1.12% 0.9623 | -1.64% -1.81% -2.25% -1.05%
2007-09-06| 0.02% 0.02% 1.02% 1.13% 0.9636 | -1.66% -1.83% -2.26% 0.40%
2007-09-07| 0.01% 0.02% 1.02% 1.12% 0.9638 | -1.66% -1.83% -2.26% -2.21%
2007-09-10| -0.01% 0.00% 1.03% 1.15% 0.9646 | -1.70% -1.89% -2.32% -0.35%
2007-09-11| -0.01% -0.01% 1.03% 1.15% 0.9644 | -1.71% -1.90% -2.33% 1.30%
2007-09-12| 0.01% 0.00% 1.04% 1.15% 0.9648 | -1.71% -1.89% -2.33% -0.19%
2007-09-13| 0.00% 0.00% 1.04% 1.15% 0.9648 | -1.71%  -1.90% -2.33% 0.39%
2007-09-14| 0.01% 0.00% 1.04% 1.15% 0.9638 | -1.70% -1.89% -2.33% 0.54%
2007-09-17| 0.01% 0.00% 1.04% 1.15% 0.9650 | -1.70% -1.89% -2.32% -0.40%
2007-09-18| -0.01% -0.02% 1.04% 1.15% 0.9646 | -1.71%  -1.90% -2.33% 3.26%
2007-09-19| 0.02% 0.01% 1.08% 1.19% 0.9703 | -1.75% -1.95% -2.36% 0.81%
2007-09-20| 0.03% 0.02% 1.08% 1.19% 0.9704 | -1.74% -1.94% -2.36% -0.71%
2007-09-21| 0.03% 0.02% 1.08% 1.19% 0.9705 | -1.74% -1.93% -2.35% 0.57%
2007-09-24| 0.03% 0.02% 1.08% 1.19% 0.9706 | -1.74% -1.93% -2.35% -0.88%
2007-09-25| 0.02% 0.00% 1.08% 1.19% 0.9709 | -1.75%  -1.95% -2.36% 0.07%
2007-09-26| 0.02% 0.00% 1.08% 1.19% 0.9709 | -1.76%  -1.95% -2.36% 0.59%
2007-09-27| 0.02% 0.00% 1.08% 1.19% 0.9710 | -1.75% -1.95% -2.36% 0.40%
2007-09-28| 0.02% 0.00% 1.08% 1.19% 0.9713 | -1.75%  -1.95% -2.36% -0.38%
2007-10-01| 0.02% 0.00% 1.08% 1.19% 0.9714 | -1.76% -1.96% -2.36% 1.25%
2007-10-02| 0.03% 0.01% 1.09% 1.19% 0.9716 | -1.76%  -1.96% -2.37% 0.04%
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Table 3: Result of Failure Frequency Test

Number of Expected Breachesat The LRtest  Chi Square Test

Breaches (x) 5% Confidence Level statistic Critical Value Results
VaR 50 40 2.447 3.84 Pass
CoVaR 29 40 3.507 3.84 Pass

Table 4: The Estimates of the Probability

n00 n01 n10 nll pi_hat 01 pi_hat_ 11 pi_hat 2
VaR 704 45 46 4 0.06 0.08 0.06
CoVaR 743 28 29 0 0.04 0.00 0.04

Table 5: Result of Conditional Backtest

LR_uc LR_ind LR_cc Chi2(1) Chi2(2) UCTest IndTest CCTest

VaR 2.447 5.018 12.277 3.84 5.99 Pass Fail Fail
CoVaR 3.507 N/A N/A 3.84 5.99 Pass Pass Pass

Figure 1: Relative VaR and CoVaR Size with respect to Kappa
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