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Motivation 1: Conditional distributions

Wi, Yt 1.1.d.
rx1

p(yt| we) =7
Example:
wy1  Experience or age of individual ¢
wyp  Education of individual ¢

Yt Earnings or wage of individual ¢
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Posterior log earnings at quantile 0.05
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Posterior log eamings at quantile 0.50
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Quantiles of posterior distribution of log earnings conditional on age

and education



Motivation 2: Financial forecasting and decision making

Y+ Return on asset in period ¢

vt | (Y1, -5 9—1) ~ 7



Maximized log-likelihood values, S&P 500 daily returns, 1990-1999

Model Maximized log-likelihood
iid N (p,0?) -3285.7
GARCH(1,1) -3028.0
EGARCH(1,1) -2998.3
t—GARCH(1,1) -2959.0
CMNMM >-2967.5
SMR >-2793.9
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Posterior quantiles of S&P 500 predictive distribution, 1990-1999
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Common structure of the models

Yt Variable of interest

xt , v¢  (Possibly overlapping) sets of covariates
kx1 px1

St Latent state, s¢ € {1,...,m}

yi | (X¢, ve, st =7) ~ N (,let + vy, 03)



Simple normal mixture model
Xt , 2t = 1
px1
s¢ independent of xy

st i.i.d., P (st = J) = pj

Yt | (Xta y St = J) ~ N (B/Xt - U, U?)

Equivalently

yr = B'x¢ + e, e~ N (O{j, 0?)
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(a) Leptokurtic distribution; t(5) moments
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(c) Mildly right-skewed distribution
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(e) Bimodal distribution
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(f) N(0,1) plus 10% SN(0, 5%) outliers




Markov normal mixture model

Xt ’Ut:].

kx1

s¢ independent of xy
ye | (xt,56 =3) ~ N (Bt + aj, 0

P(st=1J]|8—1=1 5-2,5-3,...) = Dij

Parameters

a]

P11

Pm1

Pim

Pmm

2
J

DN

Sho -

. 0 ={3,P,a,0}



Inference and forecasting in the Markov normal mixture model

1. A Markov chain Monte Carlo algorithm provides draws {H(m)} from

p(g ‘yla"-ayT)'

2. Filtered probabilities P (s = | 8,y1, . ..,yr) and draws from

(817 JO ST) | (97y17 IO 7yT)
are given by the algorithm of Chib (1995).

3. Then

p (yre1l 0,91,---,y71,51,---,57) =P (Yr11| 0,57 = 1)

is a simple mixture of normals disitribution with state probabilities p;1, ..., Djm.



Compound Markov normal mixture model

Objectives:

1. Construct a Markov mixture model with flexible components

2. Permit skewed predictive distributions while enforcing absence of serial
correlation

3. Parsimonious modeling of Markov mixtures of many components



Serial correlation and skewed distributions
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Parameterization of the compound Markov normal mixture model

S
St:<sg>; st € (Lo ma}, sz € {1, .. ma)

P (Stl =7 | $t—1,1 = 1,8(-2,5¢-3, .. ) = Pij
P(s;p =7 |51 =1%8—1,5—2,...) = Tij

yt | (Xt, 801 = 4,802 =J) ~ N (B’Xt + @i+ pij, 0% 0f - "%9)
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Example for the case m1 = 3, mpy =2

P11 P12 D13 11 T12
P=|px po p3|, R=|m1 7m0
| P31 P32 P33 | | 731 T32

Is equivalent to a 6-state Markov normal mixture model with the transition

matrix

pP11711
pi1ri11
p21711
p21711
pP31711
pP31711

P11712
pPi1712
p21712
p21712
pP31712
pP31712

pP12721
pP12721
P22721
pP22721
pP32721
pP32721

P12722
pP12722
P22722
p22722
pP32722
pP32722

pP13731
pP13731
p23731
p23731
P33731
pP33731

pP13732
pP13732
p23732
p23732
P33732
P33732




Restrictions on parameters

Let

7P =x

mo
E(ys | x¢,801 = 1) = B'x¢ + ¢+ D rijii; = B'%¢ +
—1

j_
mi mi m?
E(yt) — IB/Xt + Z mi0; + Z T Z TZ]??DZJ — /3/Xt
1=1 =1 j=1

Number of “identified” parameters in the model is mq (mq + 3mp — 3)+k—1.



Absence of serial correlation

vt | (x¢, 811 = 1,802 =7) ~ N (B/Xt + ¢+ pij, 0% 0f - Ugj)

P (Stl =7 | St—1,1 = 1,82, St—3, - - ) — Dij
P(sgp =751 =18-1,5-2,...) =Tjj
Conditional on x; (¢ =1,...,T), the observables y; (¢ =1,...,T) are seri-

ally uncorrelated if ¢ = 0.

Suppose further that P is irreducible and aperiodic and its eigenvalues are
distinct.

Then the observables y; are serially uncorrelated if and only if ¢ = 0.



Conditionally conjugate prior distributions

e | (xt, s =i, si2 = ) ~ N (B'% + 65 + o 0° - 0F - o))

P (St]_ =7 | St—1,1 — 1, 8¢—2,5t—3, - - ) — Piy

P(spp=7|811 =1%5t-1,5-2,...) = Tij

Gaussian:

Gaussian conditional on o2:
Inverse Gamma:

Gaussian conditional on o2, o
Dirichlet:

B, o, ¥
P

o2, 0,3
P
Each row of P, each row of R



Smoothly mixing regression models (SMRs)

Begin with the same normal mixture model

. / / 2
yt | (xt, vi,st =§) ~ N | B 'x¢ + ajjvi, 05
kx1 le
Determination of latent states sy:
~ . did
wr =12z +Ct' Ct ~ N(OaIm)

mx1 gx1

gt:] iff fLT)t]Zf[Dszzl,,m



X mx gx
px1

When q¢ = 1, then z; = 1 and probabilities of mixture components are fixed.
(A) Ifk>1andp=1:
Simple normal mixture model of disturbances in linear regression
(B) If k=1and p > 1:
Mixture of linear regressions with fixed component probabilities

(kK > 1, p > 1: Facilitates hierarchical prior)



When g > 1, then probabilities of mixture components depend on z;
(C)k=1land p=1:
Mixture of fixed normals, with w;-dependent probabilities
(D) k> 1and p=1:
Normal mixture model of disturbances in linear regression,
but with covariate-dependent state probabilities
(E) k=1and p > 1:

Mixture of linear regressions with w¢-dependent probabilities



Parameterization issues

Yt ~ N k,BI/Xt + Oé;- V¢, 0'2 . O‘% , \X/’tl =T Ztl—l—ct, gt — ] iff ’lf)tj Z ’UNJtZ' V1
X mX q X
px1

Because (; N (0, IL,,,) translation but not scaling isues arise in

wi = I'zy + (4.

Impose ¢/ .T' = 0 through

I'* mxm

/
I‘:P-[Op],whereP: P =iy -m 2 Py |, PP =1y

; /
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Conditionally conjugate prior distributions

yr ~ N B/Xt—|— a}vt,az-ag . wy =1z +(;, s¢ = iff ’LT)th’lth'\v/i

kx1 px1 mx1 gx1

Gaussian: (B,T'*

Gaussian conditional on o2

Inverse gamma: o2, 0



Blocking for Gibbs sampling

/ / 2 2 ~ ~ e~ ~ :
yy~ N | B 'xt+ Q;Vt, 0705 |, Wi =TI z; +(;, st = iff ’wth’th'\V/Z
kx1 px1 mx1 gx1
02, a%, Cee 0727% Separately conditionally independent inverse gamma

B and a  Jointly conditionally Gaussian
vec (I'*)  Conditionally Gaussian

w;  Orthant-truncated Gaussian times
orthant-specific likelihood factors



Covariates in applications to date

Substantively distinct covariates: a¢, bt

First example:

ar = Age of individual ¢, b = Education of individual ¢

Second example:

a; = Return on asset in periodt — 1, at = y;_1

O
bt = g-bi_1+ (1 —9g)|a—1|" =D ¢°lyr—2—s|"
s=0

Covariates of the form:

b1,/
ajtj:atlbt2,€1 E{O,...,Ll},ﬁzé{o,...,LQ}



Functions of interest

CDFs: P(y: < c|ag,br) = P(yr < c| x¢, Ve, Z¢)

Quantiles: c(q) ={c: P(yt <cl|at, b)) = P(yr < c|x¢,ve,2t) = q}

Note P(s; =7 | I, z;)
= P[’@th’thi (i:]-a'--am)|:[‘7zt]

@)
_ /_Oop(wtj:ymzt) Ploy <y (i=1,...,m)|T,z]dy
o0 /
= / (y—Tz) [T ® (y—vize) dy.
0 i#]

Given M Markov chain Monte Carlo replications of a mixture model with m
components, the posterior distribution is a mixture of normals with M - m
components.



Detail of prior distributons for 3, o, I'*

a; € [a],a5] = A, b € [b],b5] = B

Grid of points
G = {(a’l7bj> aZ:aT_|_@Aa,bj:bi<—|—]Ab}1
(¢=0,...,Na; 5 =0,..., Ny
Ag = (a3 —ay)/(Na+1), Ay = (b5 —07)/ (Ny+ 1))

Let X;Z- be the vector corresponding to (ai, bj). Then the prior has (Ng + 1) (Np + 1)
independent components,

X3 ~ N |1, 72 (Na + 1) (N, + 1)



