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Abstract
Switching VARMA Term Structure Models

The purpose of the paper is to propose a global discrete-time modeling of the term struc-
ture of interest rates able to capture simultaneously the following important features :
(i) interest rates with an historical dynamics involving several lagged values, and switch-
ing regimes; (ii) a specification of the stochastic discount factor (SDF) with time-varying
and regime-dependent risk-premia; (iii) the possibility to derive explicit or quasi explicit
formulas for zero-coupon bond and interest rate derivative prices; (iv) the positiveness
of the yields at each maturity. We develop the Switching Autoregressive Normal (SAN)
Term Structure model of order p and the Switching Autoregressive Gamma (SAG) Term
Structure model of order p, and regime shifts are described by a Markov chain with state-
dependent transition probabilities. In both cases multifactor generalizations are proposed.
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1 INTRODUCTION

In this paper we propose a global discrete-time modeling of the term struc-
ture of interest rates, which captures simultaneously the following important
features :

interest rates with an historical dynamics involving several lagged val-
ues, and switching regimes;

- a specification of the stochastic discount factor (SDF) with time-
varying and regime-dependent risk-premia;

- the possibility to derive explicit or quasi explicit formulas for zero-
coupon bond and interest rate derivative prices;

- the positiveness of the yields at each maturity.

It is well known in the literature that interest rates show an historical
dynamics characterized by a strong dependence from several of their lagged
values, and by switching in the regimes [see, among the others, Hamilton
(1988), Cai (1994), Garcia and Perron (1996), Gray (1996), Cochrane and
Piazzesi (2005)]; indeed, changes in the business cycle conditions or mone-
tary policy may affect real rates and expected inflation and cause interest
rates to behave quite differently in different time periods. In addition, there
is a large (discrete-time and continuous-time) empirical literature on bond
yields (in particular, short-term rates), based, in general, on the class of
Affine Term Structure Models (ATSMs)?3, suggesting that regime switching
models describe the historical interest rates data better than single-regime
models [see, for example, Driffill and Sola (1994), Ang and Bekaert (2002),
Bansal and Zhou (2002), Dai, Singleton and Yang (2003), Driffill, Kenc and
Sola (2003), Evans (2003)]. This aspect lead us to propose dynamic term
structure models (DTSMs) where the yield curve is driven by an univariate
or multivariate factor (z;) which is function of its p most recent lagged values
and for which all the coefficients depend on a latent J-states non homoge-
neous Markov Chain (s;) describing different regimes in the economy. The

3The Affine family of DTSMs is characterized by the fact that the zero-coupon bond
yields are affine functions of Markovian state variables, and it gives closed-form expressions
for zero-coupon bond prices which greatly facilitates pricing and econometric implemen-
tation [see Duffie and Kan (1996), Duffie, Filipovic and Schachermayer (2003)]. Observe
that the Affine Term Structure family is much larger that it has been considered in the
literature : indeed, it has been observed recently that the family of Quadratic Term Struc-
ture Models (QTSMs) is a special case of the Affine class obtained by stacking the factor
values and their squares [see Gourieroux and Sufana (2003), Cheng and Scaillet (2004)].



factor (x;) is considered as an exogenous variable or an endogenous variable:
in the second case the factor is a vector of several yields.

We consider an exponential-affine SDF with time-varying and regime-
dependent risk correction coefficients; consequently, in our models, both
factor risk and regime-shift risk are priced and investors are assumed to
observe the current and past values of the factor and of the regime-indicator
variable.

At the same time, we want to maintain the tractability of affine mod-
els, that is, we want to obtain explicit or quasi explicit formula for zero-
coupon bond and interest rate derivative prices. This result is achieved
by matching the historical distribution and the SDF in order to get a Car
risk-neutral (pricing) dynamics?. We develop the Switching Autoregressive
Normal (SAN) Term Structure model of order p and the Switching Autore-
gressive Gamma® (SAG) Term Structure model of order p, and in both cases
we propose multifactor generalizations.

Even if the Gaussian family of models does not guarantee the positive-
ness of the yields for every time to maturity [see, among the others, Vasicek
(1977), Dai and Singleton (2000), Bekaert and Grenadier (2001), Ang and
Bekaert (2002), Ang and Piazzesi (2003)], we study the Switching Autore-
gressive Normal model, in our SDF framework, because it extends many
standard models, like the ones just mentioned above and the more recent
ones like Dai, Singleton and Yang (2003). Indeed, the historical and risk-
neutral dynamics of (z;) depends from several of their lagged values and of
the regime-indicator variable; in addition, we are able to derive formulas,
for the yield curve and for the price of derivatives, with simple analytical or
quasi explicit representations.

The second kind of models we propose in the paper, based on the Switch-
ing Autoregressive Gamma process of order p, [that is, a Regime-Switching
positive AR(p) process with a martingale difference error|, implies the posi-
tiveness of the yields for each time to maturity, and regardless of an exoge-
nous or endogenous specification for the factor (z;). Moreover, the ARG(p)
assumption gives the possibility to replicate complex nonlinear dynamics and

4A Car process is a Markovian process with an exponential-affine conditional Laplace
transform. An important difference between the discrete-time and continuous-time affine
framework is that all continuous-time affine processes sampled at discrete points are Car,
while there exists a large number of Car processes without a continuous time counterpart
[see Darolles, Gourieroux, Jasiak (2002) and Duffie, Filipovic and Schachermayer (2003)
for details]

®The Autoregressive Gamma (ARG) process is a Car process, and the ARG(1) speci-
fication is the discrete-time counterpart of the Cox-Ingersoll-Ross process [Cox-Ingersoll-
Ross (1985)].



provides explicit or tractable formulas for zero-coupon bond and derivative
prices. In a related study, Bansal and Zhou (2002) propose an (approximate)
discrete-time Cox-Ingersoll-Ross DTSM with regime shifts. We extend their
framework, by means of the exact discrete-time equivalent of the CIR pro-
cess generalized to an autoregressive order p larger than one [the ARG(p)
process|, allowing for a non homogeneous historical transition matrix for
(s¢) [in Bansal and Zhou (2002) (s;) is an homogeneous Markov chain|, and
pricing the regime-shift risk [in Bansal and Zhou (2002), the risk correction
coefficient for regime-switching is assumed equal to zero].



2 LAPLACE TRANSFORMS, CAR(p) PROCESSES
AND SWITCHING REGIMES

It is now well documented [see e.g. Darolles, Gourieroux and Jasiak (2003),
Gourieroux and Monfort (2002), Gourieroux, Monfort and Polimenis (2002,
2003), Polimenis (2001)] that the Laplace transform (or moment generating
function) is a very convenient mathematical tool in many financial domains.
It is, in particular, a crucial notion in the theory of Car(p) processes [see
Darolles, Gourieroux and Jasiak (2003) for details].

2.1 Definition of a Car(p) process

Definition 1 [Car(p) process]: A n-dimensional process = (&, t > 0) is
a compound autoregressive process of order p [Car(p)] if the distribution of
Z¢41 given the past values T; = (Z¢, 41, . ..) admits a real Laplace transform
of the following type:

E [exp(u/Try1) | 24
= Eilexp(u/Tt41)] (1)

— exp [dl(u)’a?t b () Fe1—p + B(u)] , uweR",

where a;(u), i € {1,...,p}, and b(u) are nonlinear functions, and where
ap(u) # 0, Vu € R™. The existence of this Laplace transform in a neigh-
borhood of u = 0, implies that all the conditional moments exist, and that
the conditional expectations and variance-covariance matrices (and all con-
ditional cumulants) are affine functions of (&4, &} _q,..., %41 ).

2.2 Univariate Index-Car(p) process

An important class of Car(p) processes are the Index-Car(p) processes, which
are built from a Car(1l) process. In this section we consider a univariate
process x; and the multivariate case will be considered in sections 2.6 and
2.7.

Definition 2 [Univariate Index-Car(p) process]: Let expla(u)y; +b(u)]
be the conditional Laplace transform of a univariate Car(1) process, x;y;
admitting a conditional Laplace transform defined by:

E [exp(uziq1) | z¢] = exp [a(u)(Brae + ... + Bpwip1—p) + b(u)] , u € R& |
2



is called an Univariate Index-Car(p) process.

Note that, if y; is a positive process and if the parameters 1,..., 05, are
positive, the process x; will be positive.

Using the notation 8 = (f1,...,06p) and Xy = (@, Te—1,. .., Tep1-p),
the Laplace transform (2) can be written as:

E [exp(uzi1) | ¢] = exp [a(u)B' Xy + b(w)] . (3)

2.3 Examples of Univariate Index-Car(p) processes
a. Gaussian model
If y; is a Gaussian AR(1) process defined by:

Yt+1 =V + pYt + €141

where £,,1 is a gaussian white noise distributed as A'(0, 0%), the conditional
Laplace transform of y;11 given y; is:

2
E [exp(uyi+1) | ye] = exp [Upyt +uv + %uﬂ .

The process is Car(1) with a(u) = up and b(u) = uv + %2u2. The associated
Index-Car(p) process has a conditional Laplace transform defined by:

E [exp(uxtH) |ﬂ] = exp [up(ﬂlxt + .+ BpTiqi—p) Fur + %uﬂ :

so, using the notation ¢; = pB;, we have that z;;1 is the Gaussian AR(p)
process defined by:

Tl =V + Q1% + ... + @pTir1—p + €141 (4)

and its conditional Laplace transform becomes:
E [exp(uzi11) | z¢] = exp [ug@’Xt + uv + %2u2 , (5)

where ¢ = (¢1,...,¢p)".
b. Gamma model
Let us now consider an autoregressive gamma of order one [ARG(1)]

process y;. The conditional Laplace transform is [see Gourieroux and Jasiak
(2005) for details]:

E [exp(uyes1) | y] = exp [l_pzuyt—ulog(l—uu) , p>0,0>0,v>0,




and it is well known that, given ¥, 4,41 can be obtained by first drawing a
latent variable Uy in the Poisson distribution P(%) and, then, drawing
ytﬁ” in the gamma distribution (v +U;11). The process y;+1 is positive and
the associated Index-Car(p) process x4 is also positive. The conditional
Laplace transform of this process is:

E [exp(utiin) | z1] = exp |12 (G + ...+ Byzsrp) — vlog(1—up)| |

with 3; > 0, for i € {1,...,p}, or using the same notation as above:
B [exp(uzi 1) | 2] = exp [ 126/ X1 — vlog(1 - up)] (6)

Similarly, given Xy, 2411 can be obtained by drawing U1 in P(£=t Xt)

and mtﬂ“ in v(v+Ui41). It easily seen that the conditional mean and variance
of x441, given x4, are respectively given by v+ ¢’ Xy and vu® + 2u¢' Xt; so,
the process x; 41 has the weak AR(p) representation:

T =vp+ @' Xy e, (7)

where €41 is a conditionally heteroscedastic martingale difference, whose
conditional variance is vu? + 2u¢’ Xy; the process is stationary if and only
if ’'e <1 [where e = (1,...,1) € RP] and, in this case, the processes Tyl

and ;41 have finite uncondltlonal variance given by vu? + 21/,u , ; the

unconditional mean of x;4 is given by 7 QD -

2.4 Univariate Switching regimes Car(p) process

Let us first consider a J-states homogeneous Markov Chain z;41, which can
take the values e; € RY, j € {1,...,J}, where ej is the 4t element of the
(J x J) identity matrix. The transition probability, from state e; to state
ej is m(es, ej) = Pr(zi41 = e; |z = €;). It is first worth noting that z;41 is
a Car(1) process.

Proposition 1 : The Markov chain process z;4+1 is a Car(1) process with a
conditional Laplace transform given by:

Elexp(v'2t41)| 2] = exp(az (v, 7)"21) (8)
where
a(v,m) log Zexp (Vej)m(er, e;) ] ,...,log Zexp (Vej)m(ey, e;)
7=1



[Proof : straightforward.]

Let us now consider a univariate Index-Car(p) process with a conditional
Laplace transform given by exp [a(u)3 X; + b(u)], and let us assume the b(u)
can be written:

b(u) = b(u)’\ where

- (9)
b(u) = (bi(u),...,bp(u)) and A= (A1,..., A\n)".

We are now going to generalize this model by assuming that the pa-
rameters ); are stochastic and linear function of Z; = (2,...,2;_,)". More
precisely, we assume that the conditional distribution of x;41 given x; and
zt+1 has a Laplace transform given by:

Elexp(uryy1)| z¢ , ze41] = exp [a(u)ﬂ’Xt +b(u)'AZ| (10)

where A is a [m, (p + 1)J] matrix. Note that we assume no instantaneous
causality between z;y1 and z:y1 and we admit one more lag in Z; that in Xy;
if the process z; is not observed the no instantaneous causality assumption is
not really important at this stage since we could rename z; as 2;11, however it
will be useful at the pricing level in order to obtain simple pricing procedures
[Dai, Singleton and Yang (2003) also make this kind of assumption]. The
joint process (x411,2;, ;)" is easily seen to be a Car(p 4 1) process.

Proposition 2 : The conditional Laplace transform of (zs41, 2, ) given
Z¢, 2 has the following form:

E [exp(ufct+1 +v'z41) | 2, ﬁ}

(11)
= exp {a(u)ﬁ’Xt + {e’l ® a(v,m)" + B(U)'A} Zt} )

where e; is the first component of the canonical basis in RPT!, and where ®
denotes the Kronecker product.

[Proof : straightforward.]



2.5 Examples of Univariate Switching regimes Car(p) pro-
cesses

a. Gaussian case

Let us start from the AR(p) model (4). Its conditional Laplace transform
is given by (5):

E [exp(uzi11) | z¢] = exp [ug@’Xt +uv + %QUQ} ,

and the function b(u) has the form (9) with b(u)’ = (u, “—22 and \ = (v,0?).
If X is replaced by AZ;, the joint process (wi11,2;,,)" is Car(p+ 1) with
a conditional Laplace transform given by:

E [eXP(USUtH +v'241) | 21, ﬁ]

(12)
= exp [ugp’Xt + (u, “;) AZy + a(v, 7[')th| )
)\I
More precisely, the dynamics is given by [using the notation A = < )\’1>]:
2
Ti4+1 = >\,1Zt + QO,Xt + ()\IQZt)l/2€t+1 s (13)
where £,41 is a gaussian white noise distributed as N'(0, 02), Z; = (2}, ..., 2_,)’
and z; is a Markov chain such that Pr(z41 = e; |2 = e;) = (e, €;).
In particular, let us consider the case:
1,—Q1,. . —pp) @ U
A — ( 9 Y ? ,p 14
6/1 ® 0.*2 ( )
and ¥ = (i, ..., vy), o = (032,...,0%?), the conditional distribution

of x441 given x4 and 2441 is the one corresponding to the switching AR(p)
model defined by:

T — V=1 (@ — v ao) + o+ op (T — V) + (0% 2t
(15)
b. Gamma case
Let us now start from the ARG(p) process associated with the condi-
tional Laplace transform (6):

u

E [exp(ua;tH) ]ﬁ] = exp [I_ch/Xt —vlog(l —up)| .




Here we have b(u) = — log(1—up) and A = v. If v is replaced by AZ;, where
AZ; > 0, the process x; has a weak AR(p) representation given by:

Tyl = PAZ  + o1 + oo+ OpTii1—p + Gt (16)
where (341 is a conditionally heteroscedastic martingale difference. For in-
stance, we can take

~ !

Aze'@K 17
1@ (17)

where 0/ = (71,...,07), ; > 0. We have AZ; = %/zt and, conditionally to
the process z;, the process z; has a weak AR(p) representation given by:

o1 =0z + 13 + oo+ OpTir1p + Gipr- (18)
It is also possible to consider a A of the form (1,—1,...,—¢p) ® %/ if

min(7;) > max(7;) Z;‘le ¢j, since in this case AZ; = % (ﬂ’zt — E;-le ©j ﬂ’zt_i>

> 0. The weak conditional AR(p) process is then given by:

o1 — V' =1 (=P 2-1) oo op (Ter1—p — P 2p) + G
(19)

2.6 Specification of multivariate Car(1) processes

In order to have simple notations we will consider the bivariate case, but
all the results are easily extended to the general case. A bivariate Car(1)
process ¥ = (y1+,y2,¢)" will be defined in a recursive way. We consider two
univariate exponential affine Laplace transform

exp a1 (u1)wi ¢ + by (u1)] ,
(20)
and exp [az(u2)wa+ + ba(u2)] .

Then, we assume that the conditional distribution of y; ;41 given (y27t+1, Yit,Y2.t)
has a Laplace transform given by o

Eilexp(uiyti1) | Y2041, Yie, Y2t
(21)

= exp [a1(u1) (Boy2,t4+1 + Br1yie + Br2yz,e) + bi(ur)]



and the conditional distribution of ya2 11, given (y14+, y2+), has a Laplace
transform given by -

Ey [GXP(U2ZJ2¢+1) \yl,m y2,t] = exp [@(uz)(ﬁmyl,t + 522y2,t) + ba(u2)] .
(22)
Note that, if the Laplace transforms (20) correspond to positive variables
and if the parameters (,, 511, 812, 821, B22 are positive the bivariate process
1 has positive components. Moreover, the joint conditional distribution of
Yt+1 given y; has a Laplace transform given by:

Elexp(u1y1,t41 + w2y2.44+1)| Y16, Y2,

= LK [GXP(Uzyz,t+1)E (GXP(Ulyl,tH)l@’ y2,t+1> ‘yl,taylt}

= exp [a1(u1)(Buriyre + Biayo,e) + bi(ur)] By [(Uz + a1 (u1)Bo)y2,i+1 | Y1t y2,t]

= exp[ai(u1)(Briyie + Bi2yze) + bi(ur)
+ag(ug + a1 (u1)Bo)(B21y1,e + Bozya,e) + ba(uz + a1 (u1)f)]
= exp{[a1(u1)B11 + az(u2 + a1(u1)Bs)B21]y1,¢

+la1(u1)Bi2 + az(uz + a1(u1)B,) Baz]yz,t + b1(u1) + ba(ug + a1(u1)Bs)} -
(23)
So, we have the following proposition.

Proposition 3 : The bivariate process y; defined by the conditional dy-
namics (21), (22) is a bivariate Car(1) process with a conditional Laplace
transform given by (23).

2.7 Specification of multivariate Index-Car(p) processes

We consider a bivariate process z; = (.%17,571'270/ and we introduce the no-
tations : Xlt = (IL’Lt, PN 7$1,t+17p)/7 X2t == ($2,t, NN 7x2,t+17p),- Given the
univariate Laplace transforms like (20), a bivariate Index-Car(p) is defined
in the following way.

Definition 3 : A bivariate Index-Car(p) dynamics is defined by the condi-

10



tional Laplace transforms:

Eilexp(uiz1,441) | 22,641, T1t, T2,
= exp [a1(u1)(Boza,+1 + By X1t + B1aXar) + b1(u1)]

Eilexp(uaxaiy1) | 21, w2,4] = exp [az(uz)(By X1t + Bo Xor) + ba(u2)] ,
- (24)
where the §;; are p-vectors. It is easily seen that the process #; is a Car(p)
process with a conditional Laplace transform given by (23) in which y;; is
replaced by Xy; and y2; by Xg; and the 3;; by the z(j, i.e.
E [exp(u'Tiy1) | 24

= exp{[ai(u1)Bi1 + az(u2 + a1(u1)B,) 021 X1t
(25)
+ar(u1)Bi2 + az(uz + a1 (u1)Bs) Baz] X
+ by (u1) + b2<UQ + al(ul)ﬁo)} .

From the properties of Car(p) processes we get a representation of the form:

Tipr1 = a1+ Qo1 + o X + oo Xor + €141
(26)
Totr1 = Q2+ 0/21X1t + O/22X2t + €241
where the errors terms satisfy :
Eleryr|zo41,2] = 0
(27)
Eleg 41| 24 = 0;
in particular, we get
Elerpr |2t ] =0
Elea iy | 2 = 0
Cov(ert1,€2441) = FE(e144162,041 | Tr) (28)

= Elea1BE(err | woi1, %) |
= 0.

11



So, the error terms are non correlated, conditionally heteroscedastic, mar-
tingale differences. In particular, in the stationary case, €1 and e2; are
uncorrelated weak white noises and (26) is a weak recursive VAR(p) repre-
sentation of the process ;.

In the rest of the paper we will consider two important particular cases.

a) Normal VAR(p) or VARN(p) processes

In this case the conditional distributions defined by (20) are gaussian, with
affine expectations and fixed variances. In other words:

2,2
alu

ai(u1) = prut, bi(ur) = viug + ~52

(29)
2,2
a2(u2) = p2uz2, bQ(UQ) = voug + 0’22u2

Using the notations ¢, = p15,, v11 = p1611, p12 = p1b12, Y21 = p2faa,
w92 = p2f22, we have the following strong VAR(p) recursive representation
for the process ©; = (z1,4,z2,4)"

Tigp1 = V14 Qa1 + @1 X1 + 19X + 011641
(30)
Topp1 = Vo + @by Xup + ho Xop + 0amz i1
where 7, = (n1,4,m2,) is a bivariate gaussian white noise distributed as
N (0, 1), where I denotes the (2 x 2) identity matrix.
b) Gamma VAR(p) or VARG(p) processes
In this case we have:
ar(ur) = 200 bi(ur) = —vilog(1 — uipn)
(31)
az(uz) = {52, ba(uz) = —valog(1l — ugpsz)

and the process @y = (@14, 22+) has the following weak VAR(p) represen-
tation (using the same notation as above, and where all the parameters are
positive):

Tigp1r = v+ Poair1 + O X1 + 1o Xor + €1
(32)
Topr1 = vapiz + by Xip + pno Xor + Ea441

where §1; and &2 are non correlated, conditionally heteroscedastic, mar-
tingale differences. The conditional variances of &1 11 and £2 41 are given

12



by:
Vigir 2] = vipd + 2ufpo(vaps + 0 X1t + ©hy Xor)
+ 1 X1+ 91X (33)

Vi€oi1|Z) = vopd + 2ua(h X1t + phXot) -

It is important to stress that the components of this VARG(p) process are
positive.

2.8 Switching Multivariate Index-Car processes

Switching regimes can be introduced in a multivariate Index-Car(p) model
using a method extending the one retained in the univariate case. If we
assume that the functions by (u1), be(uz) appearing in definition 3 can be
written, respectively, as by (u1)' A1 and b~2(u2)’ A2, and if we replace A1 and \a,
respectively by A1Z; and Ay Z;, we obtain the following conditional Laplace
transform for the distribution of (1441, %2141, 2e41) given (214, Tay, 2¢):

Elexp(u1z1,¢41 + ueZog41 + 0'2e41)| 21,0, T2, 24)
= exp {[a1(u1)B11 + az(uz + a1(u1)Bs)B21] X1t
a1 (u1) B2 + az(ug + a1 (u1)Bs) B2 Xot

+ef @ a.(v, ) + by (u1) Ay + ba(ug + al(ul)ﬁo)’AQ]Zt} ,
(34)
where a, (v, ) is given in proposition 1. So we obtain a multivariate Car(p+
1) process.
Proposition 4 : The Laplace transform of (21,441, 22,41, 2t+1), condition-
ally to (x1,¢, x2,, 2¢), has the form given in (34) and the process (21, 2, 2¢)
is Car(p +1).

13



2.9 Examples of Switching Multivariate Index-Car processes

a. Gaussian case

Taking

ai(u1) = pruy, bi(ur) = viug + %%u%, bi(w) = <u1, 7) ;

as(us) = pais, ba(us) = vous + Fud, Bo(u) = (s, %),
11 51

m= () 2= ()

and denoting ¢, = p16s, Y11 = p1511, P12 = p1Pi2, Y21 = p221, Y22 =
p2322, we obtain the Switching VARN(p) model:

ikl = N Ze+ Qo1 + 011 Xae + @ Xor + ()‘/12Zt)1/2771,t+1
waprt = NyZe+ O Xu + oy Xoe + (N Ze) P
(35)
where n; = (m14,m2,) is a gaussian white noise distributed as N(0, I2),
Zy = (2,---,2_,)', and where 2 is a homogeneous J-states Markov chain

with transition probability 7(e;, e;). Note that (35) can also be written as:
Triapr = MyZe+ @ X+ FoXor + oMo Z) Y2001 + (Mo Z0) 201 441

Topr1 = Ny Ze+ b Xue + hoXoe + (Nop Ze) 2241,
. (36)
with A1 = A1 + @oda1, @11 = @11 + Pop21, P12 = P12 + Yo or, with
obvious notations

(N2 Z)Y? po( Ny Zy) /2

Gpp1 = N2+ ' Xy + : 37
t+1 t t 0 ( éth)l/Q Mt+1 (37)

b. Gamma case
If we take

p1UL

ai(ur) = f25=, bi(ur) = —vilog(1 —uipm), bi(ur) =log(l — uip),

p2u2

az(ug) = 7222, by(ug) = —vplog(l — ugpa), ba(uz) = log(1 — uzps),

14



we obtain the positive Switching VARG(p) model

Tiep1 = A Ze + voxa i1 + O X + 1o Xor + S 441
(38)
Torp1 = PG 7y + o X + hoXor + E2441

where 1+ and §»; are non correlated, conditionally heteroscedastic, martin-
gale differences, the conditional variances being respectively given by:

ViG] = MZupd + 20 (@0 (AyZipo + @y X1t + o Xor)
+11 X1t + 01 X2]  (39)
Vigouri | 8] = AMyZyp3 4 2p0(9h X1t + ©hy Xor) -

3 SWITCHING AUTOREGRESSIVE NORMAL
(SAN) TERM STRUCTURE MODEL OF OR-
DER p

We first consider the case of univariate exogenous factor; the endogenous
case and the multivariate case will be discussed, respectively, in sections 3.7
and 3.8.

3.1 The historical dynamics

The first set of assumptions of a SAN(p) Term Structure Model deals with
the historical dynamics. We assume that the historical dynamics of the
exogenous factor x; is given by

i1 = v(Z) Fe1(Ze)we + .o+ op(Ze)aip +0(Z)errr,  (40)

where ;11 is a gaussian white noise with N'(0, 1) distribution, Z; = (z;,. ..,
2i_p)'s and z; is a J-states non-homogeneous Markov chain such that P(zi11 =
ejlz = eisx) = (e e5;Xe) (e; is the i column of the identity matrix
I7). Equation (40) will be also written

Tt+1 = V(Zt) + QO(Zt)/Xt + U(Zt)5t+l s (41)

where X; = (z4,...,%e41-p)"s ©(Zt) = (01(Zt), ..., ¢p(Z:))’. This model
can also be rewritten in the following vectorial form:

Xt+1 = (I)(Zt)Xt + [V(Zt) + O-(Zt)EtJrl] €1 (42)
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where

01(Z) ... op(Zt)
1 0 0
®(Z) = 0 1 0
0 .1 0

is a (p X p)-matrix, and where e; is the first column of the identity matrix
I,,. Note that, since the coefficients ¢; are allowed to depend on Z; and since
the Markov chain z; may not be homogeneous, the dynamics of (z, z) is
not Car in general.

3.2 The Stochastic Discount Factor

The second element of a SAN(p) modeling is the SDF. We denote by M; ;11
the stochastic discount factor (SDF) between the date ¢ and ¢ 4+ 1 and in
order to get time-varying risk-premia we specify it as an exponential affine
function of the variables (z;4+1, z¢4+1) but with coefficients depending on the
information at time ¢. More precisely we assume that:
Migy1 = exp[—d Xy —d' Zy +T(Zs, Xt) €141
(43)
—10(Z4, X1)? — 6(Z1, Xy) 2041]

where I'(Z;, X)) = v(Z;) +7'(Z¢) X;. Observe that this specification extends
to the multi-lag case the one proposed by Dai, Singleton, Yang (2003). It
is well known that the existence of a positive stochastic discount factor is
equivalent to the absence of arbitrage opportunity condition and that the
price p; at t of a payoff Wiy at ¢t + 1 is given by:

pr = E[My Wi | 1]

= EyMpi Wi,

where the information Iy, available for the investors at the date t, is given
by (z¢,2:). More generally, the price p;, at t of an asset paying Wiy, at
t+his:

pen = Ep[Mpge1-... Mypp—1440nWign)
Now, using the absence of arbitrage assumption for the short-term interest
rate between ¢ and ¢ 4 1, denoted by ryy; and known at ¢, we get:

exp(—rir1) = Ei (Migy1)
= exp |- Xy —d'Zy] x Z}'le T (ei, 5 ; X¢) exp [=0(Zy, Xi)'ej]
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and assuming the normalisation condition:
E}le T (ei,ej; Xo) exp [=0(Zy, Xi)'ej] =1 VZy, Xy, (44)

we obtain:
Ti41 = X +d 7. (45)

3.3 Risk premia
In this paper we will use the following definition of a risk premium.

Definition 4 : Let p; the price of a given asset at time ¢. The risk premium
of this asset between ¢ and ¢ + 1 is w; = log(Epi+1) — log pr — r41.

Using this definition we obtain interpretations of the I' and § functions
appearing in the SDF which are similar to that obtained by Dai, Single-
ton and Yang (2003). Let us first consider an asset providing the payoff
exp(—60xi11) at t + 1; the price at ¢t of this asset is

pt = Ei[M;ii1exp(—0xis)]
= exp [—ry1 — O(Zy) — 0p(Z) Xy — A1(Xy, Z4)?] x
Ey{exp [[0(Xy, Zt) — 00(Zy)] e441]}
— exp [—rtﬂ — 0u(Z)) — 0p(Z)' Xy — O0(Xy, Z)o(Z0) + o?(24)] |

and
Epiy1 = Eilexp(—0z41)]

= exp|—0v(Z;) — 0p(Z:)' X¢] X
Ei{exp[[-00(Z))] e11]}
= exp |=0v(Z) — 0p(Z) Xi + G 0%(Z)
Finally, the risk premium is:
wi(0) = 00 (Xy, Zy)o(Zy) - (46)
Therefore, 6, I' and o can be seen respectively as a risk sensitivity of the

asset, a risk price and a risk measure.
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Similarly, if we consider a digital asset providing one money unit at ¢+ 1
if zi41 = e, we get:

pt = Ey[Mpipile)(2e41)]

= exp[—rir1] exp[—0;(Xt, Ze)|m (21, €5 5 Xi)

and
By = Eillie))(2141)]

= w(z,e5;Xy) .
Therefore, the risk premium is
wi(0) = 5j(Xt7 Zy), (47)
and the j** component of § can be seen as the risk premium associated with
the digital asset.
3.4 Risk-Neutral dynamics

The assumptions on the historical dynamics and on the SDF imply a risk-
neutral dynamics. The probability density function of the one-period con-
ditional risk-neutral probability with respect to the corresponding histori-

cal probability is E](V[t’t“ = exp(r¢+1)Mi41. Note that using E,? as the

¢ (Mt t41)
conditional expectation with respect to this rlsk—neutral distribution, the

risk-premium w; can be written log(Epi+1) — log(E, pt+1) The Laplace
transform of the one-period conditional risk-neutral probability is:

ERlexp(utipr + v'241)]
= Eexp[l(Xy, Zy) er1 — 3T(Xe, Z0)* — 8 (21, Xi) 2411
+ulv(Zy) + o(Ze) Xo + 0(Ze)er1) + v 241}
= oxp {u[@(Z0)Xe + T (Xe, Z)o(Z0)] + uv(Zy) + uo(Z:)*} x
S (2 e 3 Xo) exp (v — 8(Zi, X))e)
= exp {u[@(Z0) + (Z)o(Z0)]' X + ulv(Ze) +7(Z)o(Z0)] + 5uPo(Z)?} x

Ty es Xe)exp (v — 6(Zi, X1))ey] -
(48)
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Therefore, we get the following result.

Proposition 5 : The risk-neutral dynamics of the process (z¢, ;) is given

by:

tenr 2 v(Z) +(Z0)0(Z) + [p(Ze) + (200 (Z0) Xe + 0(Z)rs |

(49)

where 2 denotes the equality in distribution (associated to the probability

Q), &1 is (under Q) a gaussian white noise with A'(0, 1) distribution, and

where Z; = (2, ..., 2_,)’, 2 being a Markov chain such that:

Qzi41 = €5 | zi320) = 7 (21, €5 3 Xy) exp [(—6(Zy, Xi))'ej] -
Note that, from (44), these probabilities add to one.

Now, in order to get a generalized linear term structure we impose that
the risk-neutral dynamics is switching regime gaussian Car(p). Using (13),
this impose that the dynamics has to satisfy the following specification:

Ti+1 g l/*th + @*/Xt + (U*th)§t+l y (50)
where Zy = (2, ..., 2_,), with 2; a J-states Markov chain such that
Q(zir1 =¢€j |zt =€) = 7" (es,€5) . (51)
J j

From proposition 5, this implies the following restrictions on the histor-
ical dynamics and on the SDF:

i) 0(Z;) = 0 Z; : the historical stochastic volatility must be linear in
Z;

i)

V*/Zt — V(Zt) .

V(%) = o*' Zy

for a given historical stochastic drift v(Z;) and stochastic volatility
o*' Z, the coefficient ~v(Z) belongs to the previous family indexed by
the free parameter vector v*.

ii1)

vt —o(Zi)

W) = o' Z;

for a given historical stochastic slope parameter ¢(Z;) and stochastic

volatility o* Z; the coefficient vector 4(Z;) belongs to the previous
family indexed by the free parameter vector ¢*.
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0j( X, Zy) = log [W G, ;Xt)] :

(24, €5)
for a given historical transition matrix 7 (24, e;;X¢), the coefficient

0;(Xt, Zy) depend on z; only and belongs to the previous family in-
dexed by the entries 7*(z, e;) of a transition matrix.

Note that condition iv) implies that the risk premia coefficients ¢;, j €
{1,...,J}, cannot be all positive [or all negative| since this would imply
T (2,53 Xe) > 7 (21,€5), Vj [or m (2, €5 ;X)) < 7°(2,€5), Vj], which is
impossible since ijl (2,653 Xe) = Z}]:1 (2, e;) = 1. Also note that
condition ¢v) implies the normalisation condition (44).

3.5 The Generalised Linear Term Structure

We have seen in the previous section that the risk-neutral dynamics is defined
by relations (50), (51); now, relation (50) can be rewritten:

X1 L X+ (v 2+ (0¥ 206 | e (52)
where ~ _
o7 .. ©p
1 0 0
o — o 1 ... 0 is a (p X p) — matrix,
| O 1 0 |
Xt = (IL't, ey xt—l—l—p)/ s

and where ey is the first column of the identity matrix I,,.
Denoting by B(t, h) the price at t of a zero-coupon with residual maturity
h, we have the following result.

Proposition 6 : In the univariate SAN(p) model the price at date t of the
zero-coupon bond with residual maturity A is :

B(t,h) =exp (C}, Xy + D}, Z;) , for h > 1, (53)
where the vectors C}, and Dy, satisfy the following recursive equations :

Ch = (I)*/Ch,1 —C
) (54)
Dy =—d+ Cipv* + %C%,h—l o*? + Dy_q + F(Dl,h—l) ,
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where C ,—1 denotes the first component of the p-dimensional vector Cj,_1,
Dy -1 and Dyj_; are, respectively, the first J-dimensional component
and the remaining (pJ)-dimensional component of Dj_q1, ie. Dp_q =
(D,l,hfl’ Dé,hfl)/’ Dy 1= (Dé,hfl’ O)/, and where F(D17h_1) = €1®az(Dl,h—1’
), e1 being the vector (1,0,...,0) of size (p + 1) and a, is the J-vector
given in proposition 1; ¢*? is the vector whose components are the squares
of the entries of o*. The initial conditions are Cy = 0, Dy = 0 (or Cy = —c,
Dy = —d). [Proof : see Appendix 1.]

For clarity we give again the expression of a,(D1 p—1,7*) :

az(Dl,h—h 7-‘—*)

J J

= |log ZGXP(Di,h,leg’)W*(el, ej)],...,log Zexp(D'Lh,lej)w*(eJ, e;)
j=1 =1

From proposition 6 we see that the yields to maturity are:

1
R(t,h) = —ElogB(t,h)
(55)
Ch h
= ——X; - —*"Z >1.
h t h ts h_

So, they are linear functions of X;, Z;, i.e. of the present and past values
of z; and z;. We observe that there is, in general, instantaneous causality
between x; and z;.

3.6 The yield curve process

The result presented in Proposition 6 describes, conditionally to X; and Z;,
the yields as a deterministic function of the time to maturity h, for a fixed
date t. Nevertheless, in many financial and economic contexts one needs, for
instance, also to study which are the effects of a shock, in the state variables,
on the yield curve at different future instant times and for several maturities
(e.g.: a Central Bank that needs to set a monetary policy). This means that
we are interested in the dynamics of the process Ry = [R(t,h), 0 < t <
T, h € H], for a given set of residual time to maturities H = (1,..., H).

Now, if we consider a fixed h, we have that the process R = [ R(t, h), 0 <
t < T'] can be described by the following proposition.
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Proposition 7 : For a fixed time to maturity h, the process R = [ R(t, h), 0 <
t < T'] is, under the historical probability, a switching ARMA(p, p—1) pro-
cess of the following type :

U(L,Z)R(t+1,h) = Du(L)V(L,Z) 241 + Cn(L) (Z)

(56)
+Cr(L)[(0" Zt) et41] -
where

1 _

Cn(L) = 5 (Cl,h + nghL +...+ Cp7th 1)
1

Dh(L) = _E (Dl,h + D27hL + ...+ Dp+1,th)

\I/(L, Zt) = 1- g01(Zt)L — ... — g0p<Zt)Lp,

are lag polynomials in the backward shift operator L, and where the AR
polynomial W(L, Z;) applies to t. [Proof : see Appendix 2].

Proposition 8 : For a given set of residual time to maturities H =
(1,..., H), the stochastic evolution of the yield curve process Ry = [ R(t, h),
0 <t < T,h € H] takes the following particular switching H-variate
VARMA(p, p — 1) representation:

R(t+1,1) Ci(L)
_— R(t+:1,2) ) C’Q:(L) o e
rRe+1,m))  \cu@)
Du(L) Ci(L)
+ DQ:(D W(L, Z) 21 + CQ:(L) u(Z).
Du(L) Cu(L)

Similar results are easily obtained in the risk-neutral world.

3.7 Endogenous case

In the previous sections the factor x; was exogenous. It is often assumed, in
term structure models, that the factor z; is the short rate process r;,11. In
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this case the previous results remain valid, and the only modification comes
from the absence of arbitrage opportunity condition for r.1, which imposes:

c=e;,d=0, (58)

with e; the first column of the identity matrix I,; consequently, the initial
conditions in the recursive equations of proposition 6 become:

01:—61,D1:O. (59)

Moreover, the switching ARMA (p, p—1) representation (56), or its analogous
in the risk-neutral world, could be used to analyse how a shock on &, i.e.
on ry1 = R(t,1), is propagated on the surface [R(t +7,h), T €T, h € H],
where 7 = {0,...,7 —t —1} and H = (1,..., H) (for instance when the
process z; is exogenous).

3.8 Multi-Factor generalization [Switching VARN(p) model]

For sake of notational simplicity we consider the two factor case but an ex-
tension to more that two factors is straightforward. The historical dynamics
of #; = (z14,224)" is a switching bivariate VARN(p) model given by:

i1 = vi(Ze) + 0ol Zi)watrr + 011(Z) Xug + 012(Zs) Xop + 01(Zt)e1e41

o1 = 1o(Ze) + 021(Z) Xae + p22(Z1) Xor + 02(Zy)e2 141
(60)
where €1 and e2; are independent standard normal white noises, X1; =
(T1t5 - w1e01-p) s Xot = (T2, T2001-p) s Ze = (24,---,2p) , with
z; a J-states non-homogeneous Markov chain such that P(zi11 =€ |2 =
ei; &) = m(e;,ej; Xy), and where X; = (X}, X},)’. The recursive form (60)
is equivalent to the canonical form :

Tier1 = 1(Ze) + 011(Z) Xue + $12(Z4) Xor + 01(Ze)e1 441 + ©o(Zi)02(Zy)e2 141

Tory1 = 1o(Zt) + pa1(Z) Xt + po2(Zt) Xot + 02(Zt)eg 141
(61)
where 11 = v1+ oo, P11 = @11+ Pop21, P12 = P12+ Potp22 Or, with obvious
notations:

G = 0(Z) +(Z) X+ S(Ze)ers (62)
where

o1(Zt) o(Zt)oa(Zt)

Sz) =" 02(Zy)
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Using the notation
~ ~ ~ /
F(Zt)Xt) - Fl(ZtaXt)) FQ(Zt7Xt)

where I'y(Zy, Xy) = 7i(Ze) + 9:(Ze)' Xy, i € {1,2} and T(Z;, X;) = v(Z))
D(Zy, Xo) Xy, with v(Zy) = [v1(Ze),v2(Ze)), T(Ze, Xi) = [1(Ze),72(Z4))
the SDF is defined as :

M1 = exp [*C'Xt —d'Zy+ T (Z, X1) €11
(63)
_%F(Zt, Xt)/F(Zt, Xt) — (5(Zt, Xt)/ZtJrl] .

Assuming the normalisation condition (44) and the absence of arbitrage
opportunity for ryy1 we get:

rp1 =X, +d 7. (64)
It is also easily seen that the risk premium for an asset providing the payoff
exp(—0'Ziy1) at t+1is w(f) = 6'S(Z,)T'(Zs, X¢) and that the risk premium
associated with the digital payoff [ )(2¢4+1) is unchanged.

The Laplace transform of the one-period conditional risk-neutral distri-
bution is :

ERlexp(u/Fer1 + v'2e41)]
= E{exp[l'(Xt, Zt) ers1 — sT( X, Z0)'T(X4, Z2) — 6 (Ze, Xe) 2641
+u'[7(Zy) + D(Z) Xy + S(Zy)ersn] + V' z41]}
— exp { W[ B(Z) Xy + S(Z)T (XK, Z0)] + u'5(Zy) + %u’S(Zt)S(Zt)’u} X
S (s s X exp (v = 6(Z, X))'es
= exp { W[ B(Zy) + S(Z)T(Ze, X)) Xi + [ (Z4) + S(Z)v(2)] + %u’S(Zt)S(Zt)’u} X
STz eg X) exp [(U —8(Z, Xt))'e]-] .

(65)
Therefore, we get:
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Proposition 9 : The risk-neutral dynamics of the process (i, 2¢) is given
by:

Bl 2 0(Z) + S(Z)NZ) + [8(Z) + S(Z)T(Ze, X)) Xi + S(Z0)is1
(66)
where 2 denotes the equality in distribution (associated to the probability
Q), &+1 is (under Q) a bivariate gaussian white noise with A/(0, I) distri-
bution, and where Z; = (2, ..., 2;_,)’, with z; a Markov chain such that:

Qzt41 = €5 | 2, 3¢) = (21, €5 ;Xt) exp (—5(Zt,)~(t))'ej

If we want to obtain a Switching bivariate Car process, we must have using
(37) :

i)

Ul(Zt) = O'TIZt
UQ(Zt) = O';Zt
Co(Zt) = 5,

and, therefore,

i)
Y(Z) = [S(Z)] v 2 — 0(Zy)],

where v* is a (2 x (p + 1)J)-matrix.

i)
Dz %) = 182" [0 - 8(2)] .

where ®* is a (2 x 2p)-matrix.

i)

~ WZ,G‘;X
) €5
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The risk-neutral dynamics can be written:

Tlin 2 VIZ+ OIX; + SHZ)Em

(67)
L2141 2 Vs Zy + ®3X; + S5(Z1) &t

where v, ®F, SF are the i'" row of v*, ®*, S*, with i € {1,2}, or

Xt+1 g é*Xt + [Vth + ST(Zt)gH-l] (&) + [V;Zt + S;(Zt)gt—&-l] ep_H y

where e; (respectively, e,1) is of size 2p, with entries equal to zero except
the first (respectively, the (p + 1)**) one which is equal to one, and

@ ]
P
o* =

¥y B

L0 [

where &% = (&%, ®%,), &5 = (B5,, ®3,), and where 0 is a [(p—1) x p|-matrix
of zeros and T is a [(p— 1) x p]-matrix equal to (I,—1,0), where 0 is a vector
of size (p — 1).

The term structure is given by the following proposition:

Proposition 10 : In the bivariate SAN(p) model the price at date t of the
zero-coupon bond with residual maturity A is :

B(t, h) = exp (c,’l X, + D), Zt> , for h > 1 (68)
where the vectors C}, and Dy, satisfy the following recursive equations :
Ch = &)*/Ch—l —C
Dy =—d+ Cipavi + 5C,_ (01 + ¢3203?) (69)

+Cpiha 8 + 50 1052+ Dna + F(Dija),
where thl and F'(D; p—1) have the same meaning as in proposition 6, and

the initial conditions are Cy = 0, Dy = 0 (or C} = —¢, D1 = —d) [Proof :
see Appendix 3].
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So, proposition 10 shows that the yields to maturity are:
R(t,h) = —=LX,—=hz,  h>1. (70)

In the endogenous case we can take x1y = ry41, and xoy = R(t,H) for a
given time to maturity H. In this case the absence of arbitrage conditions
for r¢y1 and R(t, H) imply:

(i))C1 = —e1, D1=0,0r c=e1,d=0

(ZZ) CH == —H€p+1, DH:O.

USil’lg the notations Ch = (Cl,h7 Cih’ Cp+17h’p;,h)/7~élvh ~: (Cilhﬂ 0)/7 C’Q,h ==
(C3',,0) (where the zeros are scalars), and Cj, = (C} ,,C% ), it easily seen

that the recursive equation Cj, = ®* C),_1 — ¢ can be written :
Cp =@} Crpo1+ D5 Cpripo1 +Ch1 —c.

The first set of conditions is used as initial values in the recursive procedure
of proposition 10; the second set of conditions implies restrictions on the
parameters ®*, v, v, oF, 05, %, 7 (2, e) which must be taken into account
at the estimation stage.

4 SWITCHING AUTOREGRESSIVE GAMMA
(SAG) TERM STRUCTURE MODEL OF OR-
DER p

Like for SAN(p) models we start the description of the SAG(p) modeling by
the case of one exogenous factor.

4.1 The historical dynamics

We assume that the Laplace transform of the conditional distribution of
T1, given (x4, 2¢), is:

E [GXP(UHTHI) | 24, aﬁ} = exp {W [p1(Z)xe + o+ op(Ze)Te—pia]

—v(Z)log(1 — up(Xe, Zt))]
(71)
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where Z; = (z;,...,2_,)", with z a J-states non-homogeneous Markov
chain such that P(z41 = €5 |2 = ei524) = m(es, €5 ;X't), and where X; =

(%4, ...,241-p)". Using the notation:
Alu; p(Zy), (X, Ze)] = m[%(zﬁ, s op(Z)] = WSO(ZO
Olu; v(Z), (X, Ze)] = —w(Zi)log(l —up(Xy, Z1))
relation (71) can be written:
E [exp(uxii1) |z, 2] = exp{A[u; o(Zi), m( Xy, Z1))' X,
(72)
+ b[u, V(Zt), ,U,(Xt, Zt)]} .
The process (x;) can also be written:
v = v(Z)u(Xe, Zi) + o1(Z) vy + oo+ op(Ze)Tir1—p + E0m1
(73)

= v(Z)u(Xt, Ze) + o(Ze) Xt + €441,

where ;41 is a martingale difference sequence with conditional Laplace
transform given by:

E [exp(uei1) |2ty 2] = exp{—u[v(Ze)u(Xe, Zt) + ¢(Ze)' X¢]
+ Alu; p(Ze), i(Xe, Z1)) Xy
+blus v(Zy), (X, Zo)]}
= exp{[Alu; o(Z1), W(Xe, Zy)] — up(Zy)] Xy
+blus v(Zy), (X, Zy)] — uv(Ze) (X, Ze)} -

(74)
Note that the dynamics of (24, 2¢) is in general not Car.

4.2 The Stochastic Discount Factor
In the SAG(p) model the SDF is specified in the following way:
M1 = exp{—cdXy —d'Zy +T(Z, Xi)errr + U(Ze, Xy) [v(Z) (X, Zt) + p(Z1) X

— A[D(Ze, X0);0(Z1), (X, Z1))' X

—=b[['(Zt, Xi);v(Zt), (Xt Zt)] — 0(Ze, Xit) 241}
(75)

28



where I'(Z;, Xi) = v(Zi) + 7' (Z) X4, or, equivalently
My = exp{—=cd Xy —d'Z+ T(Z, Xp)zr11 — AL(Z1, Xo); 9(Z0), n( Xy, Z0)]' X

—b[[(Zs, X1);v(Ze), (X, Zt)] — (21, Xo)' 2041}
(76)
Assuming the normalisation condition (44), we get that:

Tt+1 = C/Xt + d,Zt . (77)

4.3 A useful Lemma

In the subsequent sections we will use several times the following lemmas.
Let us consider the functions:
__pu

11— (v

(u; p, 1) and b(u; v, p) = —vlog(1 — up);

we have:

Lemma 1 :
a(u + a; p, ) — ala; p, ) = a(u; p*, u*)
B(u + as v, M) - I;(Ct, l/,/J,) = ZN?(U, v, /J'*)

_p ek
T—ap? "~ T—ap’

with p* =

[Proof : see Appendix 4.]
Lemma 1 immediately implies lemma 2.

Lemma 2 :
Alu+ o 0(Zy), 1u(Xe, Zt)] — Ales o(Ze), (X, Zy)] = Alus 0™ (Ze), 0 (X, Zt)]
blu + o v(Ze), (X, Zy)] — blos v(Ze), u(Xe, Zy)] = blus v(Ze), w*(Ze, Xy)]

©(Zt)

1= ap(ze, xp G = WX, Z1)

with p*(Z;) = T 1—ap(Xy, Zy)
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4.4 Risk-neutral dynamics

The Laplace transform of the risk-neutral conditional distribution of (z¢y1, z¢41)
is, using the notation I'y = I'(Xy, Z;):

ERlexp(utis + v'241)]
= Edexp[(u+ Tz — ALy 0(Z), (X, Ze)]' Xe
=0 Z¢; v (Ze), 1(Xe, Zo)] + (v = 0(Xy, Z4)) 2e41]}
= exp{[(A[u+ T 0(Ze), (X, Z1)] — AlLe; 0(Z2), (X, Z4)])' X
+b[u+ Do v(Ze), (Xt Zy)] = b[Le; v(Ze), (X, Zo)]]}

X Z}Izl (21,53 Xe) exp [(v — 8(Zy, X)) es] 5 -
78

now, using lemma 2, (79) can be written:
ERlexp(uzes1 +v'2e41)]
= exp{Afu; 9" (Z), W (X, Zo)]' Xy + blus v(Ze), 0 (Ze, Xo)]} - (79)
x STy m(z, €53 Xe) exp [(v — 0(Ze, Xy))ej]

p(Z4) (X, Zt)
and p*(Zs, Xy) = .
= Ton(Ze, X2 X0 =12 Lop(X, Z1)
So, from (72), we see that the risk-neutral conditional distribution of

Tip1, given (24, 2¢), is in the same class as the historical one and obtained
by replacing ¢(Z;) with ¢*(Z;), and u(Xy, Z;) with p*(Z;, Xy).

with ¢*(Z;) =

In order to get a generalize linear term structure we impose that the
risk-neutral dynamics is a switching regime Gamma Car(p) process. So,
using the results in section 2.5.b, we get that ¢*(Z;) and p*(Z;, X;) must be
constant, v(Z;) = v* Z; and 7 (2, ¢ ; Xy) = 7 (21, ¢5) exp [(6(Ze, X)) e; ).
Also note that p* must be positive as well as the components of v* and ¢*.
This implies the following constraint on the historical dynamics and on the
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SDF:

WX, Zy) = pr[l = D(Xy, Ze) (X, Zt)]
©(Zt) = o1 = D(Xy, Zo)u( Xy, Z4))?
v(Zy) = 7

0j(X1, Z) = log | T

T (2¢,€5)
We see that p(Z;) = %N(Xt,Zt)2, so (X, Zy) must depend only on Z,
and therefore the same is true for I'(Xy, Z;). Finally, we have the constraint:
i)
1(Ze) = 1 = T(Z)u(Z4))]

o(Zt) = ¢*[1-T(Z)uZ)]?

V(Zt) = V*th

..X
6;(Xe, Zy) = log [”(Zteat)]

(2, €5)

*

In particular, since ¢(Z;) = :f*Q w(Z;)?, the random vector must be propor-
tional to a deterministic vector.
Moreover, it is easily seen that the risk premium corresponding to the

payoff exp(—0zy4+1) at t + 1 is:

wi(0) = {A[-0:0(Z), 1(Ze)] — Al=0; 0, p*]} X,

+0[—0; v Zy, ;i Z4)] — b[—0; v Zy, ]

Like in the gaussian case, we obtain an affine function in X; also depending
on Z;. The risk premium associated with the digital asset providing one
money unit at t + 1 if 2,41 = e, is still given by (47).
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4.5 The Generalised Linear Term Structure

Let us introduce the notations:
A*(u) = Alu;9*, p*)
3 (80)
Ch, = (Copy...,Cpp,0).

As usual, B(t,h) is the price at ¢ of a zero-coupon bond with residual ma-
turity h.

Proposition 11 : In the univariate SAG(p) model the price at date ¢ of
the zero-coupon bond with residual maturity A is :

B(t,h) =exp (C}, Xy + D}, Z;) , for h > 1, (81)
where the vectors Cj, and Dy, satisfy the following recursive equations :

Cp = —c+ A (Cip-1)+ Ch
) (82)
D, = —-d-v* log(l — Cl,h—l,U*) + Dp_1+ F(Dl,h—l) ,

where Dj,_; and F(Dq j,—1) have the same meaning as in proposition 6; the
initial conditions are Cy = 0, Dy = 0 (or C} = —¢, Dy = —d) [Proof : see
Appendix 5].

Again, we obtain a generalised linear term structure given by:

/ /
R(t,h) = —%Xt — &Zt, h>1, (83)

h h
and, in the same spirit of propositions 7 and 8 for the univariate SAN(p)
model [see section 3.6], it is easy to verify that the processes R = [R(t, h), 0 <
t < T] and Ry = [R(t,h), 0 < t < T, h € H] are, respectively, a
weak switching ARMA(p, p — 1) process and a weak H-variate switching
VARMA(p, p — 1) process.
In the endogenous case, where xy = r.y1, the previous results remains valid
with 01 = —€1, Dl =0.

4.6 Positiveness of the yields

Since 1141 = R(t,1) = ¢ Xy + d'Z;, and since the components of X; are
positive, the short term process will be positive as soon as the compo-
nents of ¢ and d are nonnegative. The positiveness of .11 implies that of
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R(t,h), for every instant time ¢ and time to maturity h, because R(t,h) =
—+log EtQ lexp(—7T¢41 — - .. — Tean)]-

This positiveness can also be observed from the recursive equations of
proposition 11. Indeed, using the fact that pu* and the components of *
and v* are positive and that 0 < 7r;“j < 1, it easily seen that, for any u < 0,
the components of A*(u) and —v*log(1l — Cj p—14*) are negative and the
result follows.

4.7 Multi-Factor generalizations [Switching VARG (p) model]

The bivariate process €y = (14, z2,) is a switching VARG(p) model defined
by the following conditional Laplace transforms:

Eylexp(uiz1,e41) | T2441, 7185 2]

u1 / /
= ——— |po(Z Zy)' X Zy)' X
exp { 1= wrp (Z2) [o(Zt)xari1 + 011(Ze) Xt + p12(Z1) Xt
—v1(Zy) log(1 —wrpn(Z4))}

(84)

Eilexp(uzaa,t+1) \@a @aﬁ]

u2 / /

= —_— Z1)' X Zy)' X 85
exp { (2 [021(Z1) X1t + p22(Z1) X (85)

—v2(Zy) log(1 — uap2(Zy))} -

We will use the notations:

‘po(Zt) = Po,t »
[011(Zt) s 12(Ze) ] = SOll,ta [021(Zt), p22(Zt)' ] = ‘PIQ,ta
wi(Zy) = pig, vi(Zy) =vig, i€ {1,2},

and using the functions a, b, A, B defined in lemmas 1 and in section 4.1, we
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will introduce the notations:

are(ur) = alui; Qo t1,e)
big(ur) = blur;vig, png), bar(uz) = blugivag, poy)

Ap(ur) = Alurs i, i), Aggi(ug) = A(ug; wag, o) -

With these notations, the Laplace transforms (84) and (85) become respec-

tively:
Eylexp(ui@1,441) | T2,41, T1t, 2t]
(86)
= exp {al,t(u1)$2,t+1 + Ay g(ur) X + bl,t(“l)} ;
Eylexp(ua®2 1) | T1,t, Tot, 24 ]
(87)

= exp [A2,t(u2),Xt + b2,t(u2)} ;

where X; = (X{,, X%,)’. Moreover, the joint conditional Laplace transform
of (T1,441,T2,¢41), given (z1, T2y, 2¢), is:

Eyfexp(uizy i1 + ua@a41) | T1, Tae, 2]

= exp {[Aui(un) + Az +ar (wn) Ko+ bia(un) + bz + ar(w)) |

(88)

The process z; is assumed to be a non-homogeneous Markov chain such that
Pz = ¢j| 2 = ey &) = m(ei, 53 X).

We now introduce the SDF:
Migy1 = exp{—c¢Xi —d'Zy + Tyx1 401 + Doro i
—[A14(T14) + Ag4(Tor + a1,4(T1e))) X
— [b14(T1e) + bo(Tar + a14(T1e))] — 6(Ze, Xi) 2041}

(89)
where Plt = F1<Zt) and Pgt = FQ(Zt)
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4.8 Risk-neutral dynamics in the multifactor case

It can now be seen that the joint conditional Laplace transform of (21 441, Z2,t4+1)
in the risk-neutral world is:

ERlexp(ur 1,41 + uaw241) |Z1e, Tyt 2]
= exp {AQ,t [ug + Doy + ay 4(ug + T1p)] Xy + bos(ug + Top 4 ag ¢ (ug + Tyy))
+ Aq(ur + Ty) X; + bit(ur +T'1e)
— A (To + al,t(rlt))/Xt —bat (Lot 4+ a1,:(I'1r))
— A (T1) X; — bl,t(rlt)} -

Using lemma 2 we get:

Aoy fug + o + a1 t(ur +T1y)] — Ao e(Tor + a14(T1e))

= Alug + alvt(ul + Iy — al,t(rlt)§ 05t uét] )

with
ol = P2t
2% =
{1 — [Tt + a14(T1e) o}
* K2t
Hoy =

{1 —[Tor + a14(T1¢) ] pe}

and using lemma 1

A [ug + a17t(U1 + Flt) - al,t(rlt)Z @;ta :u;t]
= Afuz + a(ur + Tig; oty p1,e) — (185 Pots 11,6)5 ©5p, 1)
= A [UQ + aluts oo, 11 4); 5 /‘Et]

= A3 fug +af y(w)] (say)

with Dot
* O
Pot —
? (1 = Ty pure)?
x Mt
M1t (1 —Tygpere)

35



Similarly, we get:
byt [uz + Tor + ars(ur +T'1e)] = b2, (Tar + a1,4(T'1r))
= b [UQ + a(u1; @}y, /flk,t)§ 298 N%t]

= by fuz + aj,(ur)] (say),

bit(ur + ) — b14(T1e)

= bl(ul; Vikt’ ML)

= bii(w) (say),

A (ur +T1g) — A1e(Tre)
= Au(ur; viy, piy)

= Afy(u) (say),

with
PY1t
(1 =Tyt pag)?

And finally, the joint conditional Laplace transform (90) becomes:

* —
P1e =

E?[exp(ul$1,t+1 +uamoiy1) | T16s Tt 2t |

= oxp {[A7 (1) + A3, fus + af ()] X (91)

+b§,t[“2 + ait(ul)] + bT,t(ul)} .

So, (91) has exactly the same form as (88) with different parameters. In
other words the risk-neutral dynamics belongs to the same class as the his-
torical one.

In order to have a Car process in the risk-neutral world, we know from
section 2.9 that we must have the following constraint between the SDF and
the historical dynamics:
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Mt o N*
1 —T1epe
i)
L1t _ 50*
(1 —Typpne)? !
iii)
Vl(Zt) = Vik Zt
i)
Pot _ 90*
(1 —Typpne)? ©
v)
Kot *

1 — [Tt + a1+(T1e)| peo

vi)
©at _ tp*
(1- [FQt + al,t(rlt)]ﬂ2t)2 2

vii)
VQ(Zt) = I/%< Zt.

Moreover, the constraint on the dynamics of the Markov chain are the same
as in the gaussian case, namely:

viii)
5j(Xt7Zt) = log !ﬂ-(zt’ej’Xt)]

(2, €5)

It is worth noting that, if there is no instantaneous causality between x1 441
and x9 441, that is if . = 0, function ay; is also equal to zero and constraint
v) and vi) are simpler and become similar to 7) and i1).
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4.9 The Generalised Linear Term Structure in the multifac-
tor case

Using the notations:

ai(ur) = alug;ep,py)
Af(wr) = Alus; 5, 1)
Aj(ug) = Alug; o3, 1)
o = (CopyevsCpiy0,Cpiapys -y Coppy 0)

we have

Proposition 12 : In the bivariate SAG(p) model the price at date t of the
zero-coupon bond with residual maturity h is :

B(t,h) = exp (C,/l X, + Dy, Zt> , for h>1 (92)

where the vectors C}, and Dy, satisfy the following recursive equations :

Chn = —c+Aj(Crp1) + A5[Cpr1p—1+ ai(Crp-1)] + Ch
Dy = —d —vilog(l — Cyp1py) — v3log[l — (Cpr1p—1+ ai(Crp-1))u3] (93)
+Dp1 + F(Dyj1),

where ﬁh_l and F'(D; p—1) have the same meaning as in proposition 6; the
initial conditions are Cy = 0, Dy = 0 (or C; = —¢, D1 = —d) [Proof : see
Appendix 6].
So, proposition 12 shows that, also for the Switching VARG(p) model, yields
to maturity are linear functions of X; and Z;.

With regard to the endogenous case, where we can consider z1; = 141,
and xo; = R(t, H) for a given time to maturity H, we have the same results
as for the Switching VARN(p) case [see section 3.7].

It is also easily seen that the risk premium of the payoff p;11 = exp(—6121 ¢41
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—Oyw9441) is:
wi(01,02) = {Ag4[—02+ a14(—61)] + A14(—61)
— A3 -0s + ai(—01)] — Af(~00))' X,
+ b2t [—02 + a1,.(—01)] + b1+(—61)

— b5 [—02 + aj(—01)] — b1 4(—bh),

with )
bit(ur) = —vf Zylog(l —uipi)

bos(uz) = —v3 Zylog(1l — uapl),

and the risk premium of the digital asset is given once more by relation (47).

5 DERIVATIVE PRICING

5.1 Generalization of the recursive pricing formula

In the previous sections we have derived recursive formulas for the zero-
coupon bond price B(t,h) in various contexts which share the feature that
the process (Z¢,2) is Car in the risk-neutral world. In fact the recursive
approach can be generalized to other assets.

Let us consider a class of payoffs g(X, 41, Zin), (t, h) varying, for a given
g function and let us assume that the price at t of this payoff is of the form:

Pi(g,h) = exp |Ci(9)'X: + Di(9)'Z1) - (94)
It is clear that:

exp [Cnl9)' X + Dal9) Z]
= E [Mt,tﬂ exp <Ch71(9)'5(t+1 + thl(g)/Zt—H)}

= exp(—dX; — d'Z) B {exp (Chq(g)/XtH + thl(g)/Zt—i—l)] ;
so, for a given g function, the sequences Cy,(g), Dr(g), h > 1, follow recursive

equations which does not depend on g and, therefore, are identical to the
case g = 1, that is to say to the zero-coupon bond pricing formulas given in
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the previous sections. The only condition for (94) to be true is to hold for
h =1 and, of course, this initial condition depends on g.

Formula (94) is valid for h = 1 if g(Xy1p, Zin) = exp(@ Xyyn + 0 Zign)
for some vector % and v. Indeed, using the notations

A% !z Iy
u Xt+1 == u1$t+1 + u—lXt
V2 = 0 'z
Vi1 = vz 014,
: !/ _ / !/ / _ / / .
with v’ = (ug, ..., up,0), v = (v3,...,1,0), we get:

Pi(u,0;1) = exp(=d Xy —d'Z; +u X+ Z)
(95)
x B [exp (uhF41 + 0] 2041)]

which, using the Car representation of (411, z¢+1) under the probability Q,
has obviously the exponential linear form (94) and provides the initial con-
ditions of the recursive equations. The standard recursive equation provide
the price Pi(@i,;h) at date t for the payoff exp(@/ X, + 7' Zi4n). So we
have the following proposition.

Proposition 13 : The price P;(a,; h) at time ¢ of the payoff g(X'H_h, Ziin)
exp(@' Xy 4p + 0 Zi11,) has the exponential form (94) where Cy,(g) and Dy, (g)
follow the same recursive equations as in the zero-coupon bond case with
initial values C1(g) and D;(g) given by the coefficients of X; and Z; in the
equation (95).

When @ and 0 have complex components, Py(@,0; h) provides the complex
Laplace transform Fy[M; ¢y, exp(@ Xiyp, + 0 Zyn)].
5.2 Explicit and quasi explicit pricing formulas

The explicit formulas for zero-coupon bond prices also immediately provide
explicit formulas for some derivatives like swaps. Moreover, the result of
section 5.1, where 4 and v have complex components, can be used to price
payoffs of the form:

. - +
[GXP(UﬁXHh + 01 Z¢4n) — exp(UgXitn + 9 Z11n)|
like caps, floors or options on zero-coupon bonds. Let us consider, for in-

stance, the problem to price, at date ¢, a European call option on the zero-
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coupon bond B(t + h, H — h), then the pricing relation is :

p(K,h) = Ey[Mygn (Bt +h,H—h)—K)"]
(96)
= B¢ [Mysn (exp[—(H — h)R(t + b, H — h)] = K)*]

and, substituting here the yield to maturity formula (70), for the Switching
VARN(p) model, or formula (92), for the Switching VARG(p) model, we can

write :

I ~ +
pe(K,h) = By (Mggip (exp[C}{thH-h + Dy _yZisn] — K) ]

= Et _Mt,t-‘rh (eXp[C}_IihXtJ,-h + D/[_Itht—l—h] - K) H[*C}{,hXt+h*D}{tht+h<f10gK}:|

= Bt [Megn (GXP[C}phXHh + D'thHh]) Lcr  Rin-Dhy Zen<—tog K]}

—KFE, [Mt,t+h]1[fc;q7hf(t+hfD}Fth+h<f log K}]

= G{(Cr-n,Dra—n,—Cr—n,—Dp_p,—log K;h)
_KGt( Oa 07 _CH—ha _DH—ha - logK, h) 5

where I denotes the indicator function, and where

Gt(a(); 60, ala ’517 K7 h‘)

= L [Mt,t+h (exp[%Xt+h + @6Zt+h]> H[fapmh—ﬁgzwmm]

denotes the truncated real Laplace transform that we can deduce from the
(untruncated) complex Laplace transform. In particular, we have the fol-
lowing formula :

Pt(a07 170) h’)

Gt(ﬁ07@07ﬂ17@17[(; h) = 2

dy

(98)
where Im(z) denotes the imaginary part of the complex number z. So, for-
mula (97) is quasi explicit since it only requires a simple (one-dimensional)

1 /+°° {fm[Pt(ﬂo + itiyy, B0 + i01y; h)] exp(—iyK)
™ Jo Yy
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integration to derives the values of G, which is equivalent to the computa-
tion of cumulative gaussian distribution function in the Black-Scholes model
[see Duffie, Pan, Singleton (2000) for details].

6 Applications

7 Conclusions
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Appendix 1

Proof of Proposition 6

B(t,h) = exp(C}, X+ D} Z;)
= exp(—rep1) EC [B(t+1,h —1)]
= oxp[—¢ Xy — d'Z] ER [exp (C)_ X1 + Dy Z141)]

= exp|[-dXy —d'Z] x

EtQ [exp (Cill—l |:(I>*Xt + (V*/Zt + O'*IZt §t+1> 61:| + D,Lh—lzt"‘l + D;l_th)}
’ / ~ /
= exp {((I)* Cho1— c) X: + (—d +Crp—V* + %012,};—1‘7*2 + Dh_1> Zt] X
EtQ [exp (D/17h_12't+1>:|
, /
= exp { (@* Ch_1— c) X +

~ /
[—d +Crp—1v* + %Cf,h,lcf*Q +Dp1 + F(Dl,h—l)] Zt} ;

and the result follows by identification.
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Appendix 2

Proof of Proposition 7

Using the lag polynomials:

1 _
Cn(L) = % (Cl,h +CopLl+ ...+ Cnth 1)
1
Dy(L) = % (Dip+ Doyl + ...+ Dpy1 nLP)
V(L Z) = 1=oi(Z)L— ... = op(Ze)LP,

we get from (55):
R(t, h) = Ch<L).%'t + Dh(L)/Zt y

and

U(L,Z) R(t+1,h) = Cn(L)Y(L,Z;) x441 + Dp(L) V(L Zt) 241,

= Dy(L) W(L, Zt) 211 + Cu(L) (Ze) + Cou(L)[(0% Zt) er11]
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Appendix 3

Proof of Proposition 10

B(t,h) = exp(Ch X, +d,Z;)
= exp(—ri1) EC [B(t+1,h — 1)]
= exp [—c’f(t — d’Zt] EtQ [exp (Clll_lXt-‘rl + D;l_thH)}
= exp [fc’f(t — d’Zt] X
EtQ [exp (C;Lfl&)*)zt + Cl,h—l(VTZt + Sf(Zt)§t+1)
+Cpr1h-1 (V5 Ze + S§(Z1)Eus1) + Dy 241 + Dz_lzt)}
~ / ’ 1
— exp [(cp* Cho1 =€) Xi+ |~d+ Copoavi +3C3,, (07 + ¢i03?)

/ ~ /
+ Cpi1,p-1V5 +%Cg+1,h710§2+Dh—1+F(D1,h—1)} Zt] ,

and the result follows by identification.
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Appendix 4

Proof of Lemma 1

pluta)  po
l—(u+a)p 1—ap

a(u+a;p,p) —ala; p,p) =

u
1 —ap)? —up(l — ap)

= 7

p U

(]‘ - CW)2 1- 11_“;#4

p*u ~( * *)
= = a(u; p*, ") ;
1— up P H

bu+aivop) —basva) = —vlog(l— (u+a)u) + —vlog(l - ap)
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Appendix 5

Proof of Proposition 11

B(t,h) = exp(C}, X+ D} Z;)
= exp[~¢X; —d'Z] EZ [exp (Ch_, Xes1 + Dy _1Zi41)]
= exp (=X~ dZ+ Gy X+ D}, %)
E? [GXP (01,h—1$t+1 + Dll,h,lztﬂﬂ
— exp [—C'Xt —dZ+C_ X+ D} Zy+ A(Crp1)' X

—v* Zylog(1 — Cy 1) + F/(Dl,h71>Zt} ,

and the result follows by identification.
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Appendix 6

Proof of Proposition 12

B(t,h) = exp(Ch X, + D) Z;)
— exp [—C’Xt _ d’Zt] EQ [exp (C,’l_l)zt+1 n D;HZM)}
= exp (—C’Xt —d'Z; + é;,l_lXt + D;l_th)
E? [GXP (Ci,hflxlzﬂrl + G pa %2t + Dg,hflz”rl)]
— exp |~ Xy — d'Z + Ch_ Ko + Dy Ze + AT (Craa) Ko
—vi Zlog(1 — Cyp1465) + AS5[Cpirn—1 + af(Crn—1)'X;

—v3' Zylog[L — (Cpr1p—1 + ai(Crp—1))p3] + F’(Dl,h—l)Zt] :

and the result follows by identification.
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