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Abstract: In this paper I introduce a bivariate GARCH model with a struc-
ture that allows the estimation of a causality relation among variances and that
solves some drawback of the existing methods. In particular the causality co-
efficients of the suggested formulation can be negative leading to detection of
both the causality existence and direction. The stationarity restrictions are also
provided. The causality is implemented using a multiplicative time dependent
factor, while the conditional correlations are assumed to be constant. An appli-
cation is also considered: it analyses the causality between the Nikkey225 and
the SP100 stock market indexes.
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1 Introduction

In the last years there has been a growing interest in the study of the relation
between variances and among prices and volumes, both from a theoretical point
of view (as an example Blume, Easley and O’Hara, 1994) and from the empirical
approach (see among others Karpoff, 1987). Most of the current empirical
analysis considers different linear and non-linear specifications in order to verify
and test the causal relations between the mentioned variables. However, most
of them focus only the mean, restricting their attention on Granger’s causality
definition or to the study of a simultaneous relation.

In the last decades, with the emerging ARCH literature, different specifica-
tions of conditional heteroskedasticity have been taken into considerations and
all of them allow for a deeper analysis on the causality topic. These efforts allow
an adequate modelization of the relation between assets and market indices as
well as among returns and volumes. These extensions can be thought both on
one single asset case that in a much more general multivariate framework. The
interest on multivariate heteroskedastic models maybe coupled with the neces-

sity of an extension of the causality concept, which must considers the spillover



effect among variances, and the in-mean GARCH effects. This will be the object
of the present work.

After a brief review of the definitions of causality in mean and in variance
(Engle and Granger (1986), then reviewed by Comte and Lieberman (2000)),
this paper analyses in detail the different approaches that have been used up to
this moment to identify the presence of causality among variances. There exist
two different families of models: the first tries to explain the causality among
variances through the correction of univariate models, it is worth mentioning
the approach of Cheung and Ng (1996) who modify the univariate models ob-
serving the cross-correlations among the residuals and squared residuals; the
second group of models is represented by the various multivariate GARCH for-
mulations. All the up-to-date works in this field share a common problem: they
can infer about the presence of causality but not on its direction, that is, given
two assets A and B, assuming that there exist a causal relation among their
variances, current model detect this relations but cannot tell us if an increase
in the variance of A will imply an increase or a decrease in the variance of B.
An interesting approach in this area is given by Hafner (2001), who provides a
measure for causality in a multivariate GARCH framework. However, its study
does not directly include the causal relation into a model. In this paper we will
try to solve this problem in a multivariate framework, considering an extension
of multivariate GARCH models that could be used to test both the existence of
causality among variances and its direction. The suggested formulation will be
then tested on an empirical basis, studying the relation between the Standard
& Poor’s 100 and the Nikkei 225 stock market indices.

The plan of the paper is as follow: in section 1 we review the current theoret-
ical framework on causality both for the mean and the variance while section 2
focuses on different alternative models to verify second order causality. Section

3 is devoted to the case study, section 4 will concludes.



2 Causality in mean and in variance

We start introducing some notation and recalling well known concepts.

Define X; as the n-dimensional set of variables of interest at time ¢, this
set can be partitioned into X; = {Xl,t , Xo+}, that have dimension n; and ng,
respectively. Moreover, denote by I (X;) = I (X) = I (X)) the information set (a
sigma algebra generated by the variable of interest or in general a Hilbert space)
for the whole variables and with I (X7 ¢) = I (X1) = I (X1) the information set

given by the first partition (similarly for Xs).

Proposition 1 Granger (1980): X5 does not cause Xy in Granger sense, if and
only if By [X1¢|Ii—1 (X)] = By [ X1 4|11 (X1)].
This is denoted by Xo oA X1

The violation of the previous condition is normally referred as causality in the
mean (usually defined also as Granger causality). However, a contemporaneous
bi-directional relation is not included in the Granger definition, in this case Sims

(1972) stated:

Proposition 2 Sims (1972): there is no bidirectional causality between X; and
XQ Zf and only ifCO’U [Xl,t — Et [Xl,tlltfl (X)} , Xg,t — Et [XQ,t‘Itfl (X)]] =0.
This is denoted by Xo +» X1

However, an extension to these concepts is needed in dealing with time
varying conditional variances and causal relation among these quantities. This
topic has been analysed by Engle, Granger and Robins (1986) who provided the

following proposition:

Proposition 3 Engle, Granger and Robins (1986): Xs does not second order
cause X1 in Granger sense, if and only if E; [(Xl,t — By [ X1 4|11 (X)])2 |T;—1 (X)} =
By (X1 = Be (Xl (X)) {1 (X))

2
This is denoted by Xo A X,



The definition of second order non-causality does not presume any causal
relation in the mean, however, this is not precisely a non-causality relation
among variances. Note that the rigth hand expected value is not a conditional
variance, the conditioning being different between the first and second order
moments. Starting from this observation Comte and Lieberman (2000) gave a

different definition:

Proposition 4 Comte and Lieberman (2000): Xa does not cause Xy in vari-
ance, if and only if

Vi (X1t le—1 (X)) = Vi [ Xa 4| L1 (X0)]-

This is denoted by Xo G X,

Note that the difference between second order non-causality and variance
non-causality is only in the conditioning information sets. The two authors

gave also the following relation:
G G? Gy
Remark 5 : Xo » X1+ X5 » X1 <— Xp » X3

Proof. By substitution and with a direct application of the law of iterated
expectation. ®

This last remark allows to note that non-causality in the variance exist if and
only if there exist non-causality in the mean, moreover first and second order
non-causality may combine in all possible pairs. A sequential testing scheme
is therefore possible, check at first causality in the mean, then if there is no
relation, we can test for second order non causality. If and only if both tests
lead to a no-relation result we can conclude that there is non-causality among
variances.

Researchers are also interested in verifying the previous relations from an
empirical point of view. This is possible analysing the restrictions implied by

first and second order non-causality in a very general framework, using as a

reference model the VARMA-GARCH.



The benchmark model can be represented as follow: given the variables of

interest X; consider the following VARMA (p,q)-GARCH(p,q) model
X: = AWL)Xy+B(L)E: E;7iid (0, Hy) (1)

where A(L) = Y2P_, AiLi, B(L) = Y\, B;L', C (L) = Y._, C;L', D(L) =

?:1 D; L}, and w, A;, B;, C;, D;, are all square matrices of dimension n, while
P, q, p and § are intereger numbers. Assume also that the model is stationary
and invertible. A similar approach was also used by Comte and Lieberman
(2000) and Boudjellaba, Dufour and Roy (1992 and 1994) in giving a set of
parametric restrictions and tests for causality, we recall in the following their
results. For the purpose of testing first order noncausality it is convenient to
transform the VARMA (p,q) into its VAR(co) representation (given the invert-

ibility assumption)

B 1-A@L)X, = W(L)X,=E, (2)
where W (L) = Y W;L'

then X» % X if and only if [W;],, = 0 for all lags 4, that is the coefficients
that link the variables included in the two partitions on X, are identically equal
to zero (Boudjellaba et al. 1992). As noted by Comte and Lieberman (2000)
there will always be second order noncausality dropping the GARCH part of
the model and considering a simple VARMA process with constant variance-
covariance matrix. For the GARCH part, similarly to the VARMA case, in a

first step the model is converted into its ARCH(oo) representation:
H=[1-C(@L)] 'w-[1-CI)] " DL)EE]=w+U(L)[EE] (3)
where U (L) = Z UL
i=0

2
A causality restriction similar to the one of VARMA models holds here: X5 %

Xiif and only if [U;];, = 0 for all lags . In this framework noncausality of



the first and of the second order can independently exist, however, variance
noncausality is associated with their contemporaneous existence. An example
of a VARMA(1,1)-GARCH(1,1) case is included in the paper of Comte and
Lieberman (2000). None of the previous cited papers deal with the case of a
VARMA-GARCH-M model, where an additional source of causality is added:
the one of conditional variances on the mean of the process. In this case how
are modified the conditions for first and second order noncausality? or more
precisely, are the implications of remark (5) still valid or do they need an update?

Consider the following extension of equation (1):

X, = A(L)Xi+B(L)E,+GVech(H,)  E,iid (0, Hy) (4)

H, = w+C(L)H,+ D (L)|[EE]

where the operator Vech stacks the lower triangular element of Hy, therefore
the vector Vech (H) is of dimension » = n(n + 1)/2 and G of dimension n x
r. Consider, at first, second order noncausality: given the previous definition,
that does not presume any causal or noncausality relation on the mean, the
restrictions are the same as in the previous case, that is, rewriting the model
in its ARCH(o0) representation, again Xs A X if and only if [U;];, = 0. The
difference is in the first order noncausality: there is now dependence of returns
from variance-covariance matrix, in principle two cases are identified, depending

on the existence of second order noncausality.

>

(2]

Remark 6 In a stationary and invertible VARMA-GARCH-M model, with ‘[G}

0¢=1,..m1 7 =1,...r, and at least one coefficient for which strict inequality

hold, if there is second order causality there is also first order causality.

Proof. Consider the condition for noncausality in the mean: Ey [X; 4|L;—1 (X)] =

Ey [X14|Ii—1 (X1)], substituting X; ; with its expression from (4)

E, [[A(L) X, + B(L) B, + GVech (Hy)], , [T (X)]



the first two components maybe measurable with respect to the information set
restricted to the past of X7 but this is not true for H; where, given the presence
of second order noncausality, H; is measurable only on the whole information
set. This is true if at least one of the coefficients linking the variables in X; with
the variance-covariance matrix is different from zero, in the opposite case we
could write a restricted VARMA model for X; without the in-mean component,
returning to a situation similar to the VARMA-GARCH approach. m

Assume now that there is second order noncausality, in this case:

Remark 7 Consider a stationary and invertible VARMA-GARCH-M model,
where, for the sake of exposition, the in-mean component is reparameterized as
follows

Vech (Hy) — Vech ([Ht]TQ)

and [-]T2 represent a transpose with respect to the secondary diagonal of a matrix.
In this model, X < X if the following conditions are satisfied: i) [W;];5 =0
for all lags i; i) [Z], ; = 0, i = 1,..n1, j = 1,..(r — ni(m1 + 1)/2), for all
lags 1. Where W (L) is defined as in (2) and Z (L) is defined as [B(L)] "' G =

Yoo Zil' = Z (L), is a sequence of matrices of dimension n X r

Proof. Again referring to the measurability with respect to the information
sets, violating one of the previous condition will imply non-measurability with
respect to the restricted information set of X7, i) concern with dependance from
the variables included in X5 while ii) is devoted to the dependance of X; only
from its own variance covariance matrix. The reordering allow us to concentrate
the element of the variance covariance matrix of X; at the end of the vector of
in-mean effects. m

We can now summarize our findings extending remark (5) in the following

way:

Remark 8 In a stationary and invertible VARMA-GARCH-M the following

relations hold



2
’L‘)XQE')X1+X29HX1<:>X2C—;"XX1

>0i=1,.mn1 5 =1,..r with

’LZ) X2 G—>2 X1 - X2 g X1 Zf ‘[G]z,g
G,

’LZ’L) X gXl #}Xg(in

> 0 for at least one (i,7)

2
iU)XQg/-)qubXQ—%Xl

This remark provides a general set of resctictions and relations for the exis-

tence of mean and variance causality in a general VARMA-GARCH-M model.

3 Multivariate analysis and causality

Different works introduced methods for the detection of second order causal-
ity without including it directly into a multivariate model; among the oth-
ers we mention the approach of Cheung and Ng (1996), which considers the
cross-correlation among univariate model residuals and the measures of vari-
ance causality of Hafner (2001). A second part of the literature focused on the
GARCH-type models, a direct and intuitive structure within testing variance
causality restrictions. In the previous section no assumption was posed on the
GARCH structure, even if in the literature there are different parameterisa-
tions, which includes the BEKK and Vech of Engle and Kroner (1995), and the

Conditional Correlation of Bollerslev (1990) two of the most used and known.

3.1 Traditional models: BEKK, Vech and their drawbacks

Most empirical works dealing with second order causality considered multivari-
ate GARCH in the BEKK and Vech representations. Engle and Kroner (1995)
showed that the two formulations can be derived one from the other with an
adequate reparameterization. For the moment we assume that the specification
chosen is the BEKK, represented as:

P q
Hy=w+)Y CH, C{+> DB ;E{ ;D]
i=1 j=1



where C; and D; are n x n matrices and w is a symmetric positive definite n x
matrix. The existence of any causal relation among the variances and covari-
ances included in Hy imply that (at least some of) the off-diagonal coefficients
of C; and D; are different from zero. If all the parameter matrices are diago-
nal the model collapses into a particular case in which all conditional variances
and covariances follow a GARCH(p,q) process. The most important feature of
the BEKK model is that it can explain causality relation among both variances
and covariances. Moreover, various nonlinear relations can be imposed with a
limited number of parameters which are also free of any constraints since are
implemented in a quadratic form. However, the number of parameters greatly
increases with the number of variables, creating a series of problems on conver-
gence of the estimation algorithm, reliability of the estimates and last but not
least CPU time.

Within this framework the causality relation among variances can be tested
with a set of zero restrictions on parameters. In this case, an additional remark
is also needed: the model postulate that causality among variances (excluding
covariances for the moment) act only in one direction, that is the positive one.

Consider as an example a shock to a bivariate system (x¢,y; ), that will affect only

2

vt As a consequence,

the second variable y;, causing an increase in its variance o
it will necessarily cause an increase in the variance of the first variable O’i,t. The
possibility that the first variance O’i’t decreases is in principle not contemplated.
This particular situation might be very difficult to realize in financial markets,
but we cannot a priori exclude it.

The quadratic parameter structure implies also another problem: only com-
binations of parameters are responsible for the non-linear relations between
variables, we cannot therefore directly interpret the estimates of a BEKK for-

mulation. In addition, significativity tests run on the BEKK parameter are no

more valid in testing the significance in the single equation GARCH.

10



The Vech formulation can be represented as
P q
Vech(H) =w+ Y _ CiVech(H,—1)+ Y _ D;Vech (B E] ;) (5)
i=1 j=1

where the Vech (M) operators stacks the columns of the lower triangular matrix
M and all parameter matrices are of dimension n(n 4+ 1)/2. This representation
allows, as the BEKK, a shock transmission among variances and covariances,
but the parameters increase with respect to the BEKK formulation. Moreover,
we face an additional problem, parameters must be bounded in such a way
that they are all positive and guarantee the positive definiteness of the variance

covariance matrix.

3.2 The CCC and DCC GARCH

Another commonly used multivariate GARCH model is the Constant Condi-

tional Correlation (CCC). This parameterization can be represented as:

Hy = Q,RQ;
Lo pn o P
R = pzl DY 1 DY pln
P10 Pin 1

Q = [Ul,t UQ,t---U7z,t]/

o5, GARCH p,q)

The CCC-GARCH can be easily generalised to allow for variance causality. We

can therefore model the pure variance process in the following way

Uit w1 Q1 o 01 6@_1
= | z (6)
or Wn Qn1 " Qpp € i1
51,1 T 51,n J%,tfl
+ : (7)
571,1 T 5nn U%,t—l

11



where parameters will have to be bounded above zero to ensure positivity of
variances. Stationarity of the process is then affected by this structure, and
we need to impose additional restrictions. The model con be reformulated in a

companion VARMA representation: define v;; =2, ;| — o7, fori=1,2..n we

can write
€1t w1 11 a1 n
o=t - (8)
si’t Wn Qnp1 0 Qpnp
51,1 51,71 €1,t—1
+ : +
571,1 T Bn,n 53@&1
51,1 T ﬂ1,n Vit—1 Vi
- : : +
Bn,l T 5n,n Vn,t—1 Un,t

and recalling that v; ; is a martingale difference sequence we can state that the
stationarity conditions for (6) are exactly the same of a VARMA(1,1) model,
we need that all the eigenvalues of the matrices be outside the unit circle.

The CCC model, as the BEKK or the Vech, detects only positive causality
and implies an elevate number of parameters.

A recent extension of the CCC model is due to Engle and Sheppard (2001):
they suggest to introduce a limited dynamic structure in the correlations (then
the name Dynamic Conditional Correlations or DCC). This approach faces the
same problems as the previous one and, in addition, the assumption of a common
dynamic on all correlations seems questionable. It clearly provides an interesting
framework adding a limited number of parameters but, if we model, for example,
the variances of a group of stocks and a group of exchange rate products, we
can presume a different dynamics among the correlations of these two groups of

intruments.

12



3.3 A new approach: the EC-GARCH

A common drawback of traditional GARCH models applied to second order
causality testing is the elevate number of parameters, which is also normally
coupled with the necessity of constraints ensuring positivity of conditional vari-
ances. These points lead to complex numerical evaluations in the estimation
of parameters that transfer in increasing and often unrealistic CPU time. This
influence the researchers in the choice of simple models that do not consider
causality among variances, think of the traditional CCC-GARCH models ap-
plied in finance, an area where timeliness is fundamental. In this paper we
suggest an alternative methodology that can be used in testing for the presence
of second order causality. We try to solve the problem imposed by the constraint
on parameters via a multiplicative effect between variances. This extension has
been suggested by a group of papers dealing with switching GARCH and thresh-
old models; among these it is worth mentioning Hamilton (1994) and McAleer
(2001). The model is mainly derived from the ideas of the first author that pro-
posed a switching structure for ARCH models in a simple way, pre-multiplying
the ARCH equation by a state dependant factor. In its framework the state
variable was unobserved and driven by a Markov chain.

Differently, our approach focuses on an observable factor influencing the
causality relation: assume that there exist a causal relation among variances
and that the correlations are modelled with a CCC structure. The suggested

bivariate GARCH can be represented as:
X1t N1t(It71) €1t
, _ ; ; 9
{Xﬂ ] {Nu([tl) * €at 9)

El,t ~iid 0 U%,t PO1t02¢
€94 0 || po1,t02 0%7#,

where the mean dynamic is not specified and time dependence is based on the

information set up to time t — 1, (I t_l), therefore we do not rule out GARCH-

13



in-mean effects. The variances are represented as

P q

O'?’t =exp [fi (I" )] |w1 + Zﬁldait—j + Zahjfit—j (10)
i j=1 j=1 |
_ ) , -

U%,t =exp [fo (I'")] |w2 + Zﬁljag,tfj + Zawfg,tﬂ' (11)
= =1 ]

where a modified standard GARCH structure is included (in brackets) but there
are no constraints to consider any possible GARCH formulation such as FI-
GARCH, the leverage GARCH of Glosten, Jagannathan and Runkle (1993) or
the asymmetric power ARCH of Ding, Granger and Engle (1993) as well as
the structure of the two variances is not constrained to be identical. The causal
relation is modeled by the functions f; (I t_l) and f (I t_l) which depend on

the information sets up to time ¢t — 1. We suggest the following specification
) =mzl, o hi=12 i#j (12)

Where the squared standardised residuals are used as an indicator of causality
between the two variables. In fact, the squared residuals can be thought as the
"true” variance shocks or innovations. In this setup the multiplicative effect,
driven by the parameters «;, allow for positive and negative causality, in the
sense that an increase in the variance of the second series imply an increase in
the variance of the first series only if the function f; (+) is greater than 1 (the
parameter greater than zero), otherwise the variance decreases. Non causality
is then associated with a zero parameter. Moreover, parameters need not to
be constrained given the exponential formulation. Therefore, a significativity
test on the parameters y; will indicate the existence or not of a causal relation
between the variances of the two series, while its sign can be interpreted as the
causality direction. The model is labelled Exponential Causality GARCH (EC-
GARCH) by the structure of the causal relation among variances. Moreover,

the stationarity of the model can also be verified. The following theorem holds:

14



Theorem 9 The model represented by equations (9)-(12) is stationary if w > 0,

ai7j7/8i7l >0 j = 1p, | = 1q
p q
Y<12 and (1-29)* =R e =3 >0 i=12 0 (13)
Jj=1 =1

under the assumption of conditional normality of the standardised residuals

Zig—1,0=1,2

Proof. The stationarity of this model will be proofed serching the con-
straints which bound the unconditional variance. The fundamental point is the

computation of the unconditional variance itself

E (O’it) = E [exp (7123,#1) (w1 + Blait,l + a1£%t71)] (14a)

where a simple GARCH(1,1) has been considered but in general any GARCH
structure can be, in principle, employed. A similar equation, not necessarily with
the same GARCH structure, can be written for the second variable of interest.
The analysis is now concentrated only on one variable. First of all, it is worth
recalling that z%yhl is independent both from 0%,#1 and 6%7,571 (and any other
past values of these two quantities) since 07 ; | depends on the information set
up to time ¢ — 2 while €7 ; ;| depends on 27, ; and on the past values of z5 up

to time ¢t — 2. Given these relations the following equality can be obtained
E (Uit) =F [eXP (’Y1Z§,t—1)] E [Wl + B102{,t—1 + a15:{,t—1] (15)

and recognizing in the first expected value the moment generating function
of the variable 23, ; we are almost done. One additional assumption is only
needed, it concerns the distribution of Z%,t—p for the simplicity of the exposition
a normal standardized residual distribution is considered. Therefore, recalling
that the squared standardized residuals are distributed as a x? with one degree
of freedom, and that the moment generating function of the x? (k) distribution
is

1 k/2

15



the equation (15) can be rewritten as

1
E (Uit) = [W (W1 +ﬁ1E I:O'it_l} =+ O(lE [O—%,t—l]) "}/1 < 1/2
M
(16)
Where the independence between Jit_l and zit_l, was also considered. There-
fore
E(0?,) = w1 n o+ By Efo?, 1] (17)
T A sy
1 1
w1
E (0% t) =
7 (1—2W1)1/2_041 -

and the stationarity conditions are These are similar to the one of the GARCH(1,1),
however, much more narrower, at least when +; is positive and close to its limit.
The derivation of the stationarity restrictions for a GARCH(p,q) is straightfor-

ward, leading to the following inequality

P q
v, <1/2 and (1 —271)1/2 —Za]— _Zﬁi >0
j=1 i=1
|

Remark 10 When v, = 0 the model collapse on a GARCH(1,1) with its well

know stationarity restriction.

Remark 11 The stationarity can be easily verified also for the IGARCH(1,1)
case, and results to be v; < 0, therefore the interpretation of the sign of the
coefficient is no more possible. Therefore, the IGARCH(1,1) parameterization
should be avoided in this framework since it allows only a detection of the causal-

1ty existence.

One may object that the squared residuals €7, ; or the conditional variances
03, should be used instead of the squared standardised residuals. We discarded
the first solution because a problem of stationarity arises: while the conditional
variances are bounded the same in not true for unconditional variances who can

easily diverge to infinity. We consider then the contemporaneous conditional

16



variance since it is measurable with respect to the information set up to time
t — 1, while the lagged conditional variances are measurable up to time ¢ —
2. In addition, the contemporaneous and direct causality among conditional
variances create a different problem: the system cannot be transformed in a
simple reduced form causing a drawback in the implementation of the model: a
numerical evaluation algorithm is needed to calculate each of the two conditional
variances for any time value ¢. A simple solution could have been the use of
lagged conditional variances, however, we stress that, in this last hypothesis,
the conditioning will not be on the information set up to t — 1 while up to ¢t — 2,
and therefore it has not been pursued.

A final note: while the mean residuals of equation (9) have the conditional
variance-covariance matrix represented in brackets, the equations (10) and (11)
do not represent conditional variances of the mean residuals, given the depen-
dance of each equation from an additional source of noise.

The model can be simply extended to a dimension higher than 2, allowing

a CCC structure across all covariances and extending (12) to

n

fi (Itil) = Z%‘,jzg%t—l (18)

j=1

J#i
We must note that the causality test is now on an elevate number of parameters.
Therefore, this structure should be implemented on small systems, such as the
volume-volatility study considered in the following application, or to the causal
relation existent across financial markets such as Europe, New York and Tokyo,
in the setup suggested by Pojarlev and Polasek (2000). Additional possible

bivariate (and then multivariate) extensions can be obtaining modifying the

17



causality function as follows

i (Itil) = Y1%2,:-1
fi (Itil) = Y1,1%2,t—1 T V1,2 (’22715—1’ -E ‘ZZ,t—ll)
fi (It_l) = Y1221t V1,210, 1<0%241

where only some of the possible formulae are reported, mirroring the EGARCH
and the GJR-GARCH. However, the stationarity conditions should be recalcu-
lated for all these specifications, and it is not sure that a close formula exist.
A deeper analysis of stationarity of the model under different specifications of
the causality function and with different assumptions on the distribution of
standardized residuals will be the object of future researches.

Finally, another extension regards possible alternative functions f; (+), we re-
stricted the attention to the exponential specification, however, a logistic func-
tion can be easily introduced. In that case, the stationarity conditions should

be evaluated numerically.

4 Variance causality between SP100 and Nikkey225

This section focus on an application of the EC-GARCH model to the Standard
& Poor’s and the Nikkey indices. These two variables have been chosen because
they do not averlap and we can in principle expect a causality relation from
Standard & Poor’s to the Nikkey, at least in the mean. Our purpose is to verify
and measure the causality relation among the conditional variances of these two
stock market indices.

The period covered starts in 1988 up to mid-february of 2003, data have been
obtained from Datastream and are collected at a daily frequency. The original
data are at first filtered from holydays and closed market days. Since these

events are not common in the two markets we simply deleted the corresponding

18



days in both series as normal practice in the contagion analysis. The obtained

series are graphed in the following figures, both for their level and logarithmic

differences.

Figure 1: Nikkey225
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Figure 3: Nikkey225 log-returns
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Figure 2: SP100
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Figure 4: SP100 log-returns
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The log-returns of both inidices evidence the well known volatility clustering

effect. Beside the purpose of testing the causality relation among variances we

are also interested in comparing our model with an alternative specification,

the Constant Conditional Correlation GARCH, where the univariate models

19



include both long and short memory parameterizations. In order to cover this
additional point the analysis has been structured as follow: at first we filter out
the mean effect with a VAR(1) model; then we turn to the estimation of the
volatility structure. We chose to work on a two stage model in order to reduce
the parameter vector dimension and the time requested by the estimation of the
various models. The estimation result of the VAR(1) model is reported in the

following table:

Table 1: VAR(1) estimation output
NIK_DL SP_DL
NIK_DL(-1) -0.018499 -0.018187

(0.01599)  (0.01105)
(-1.15726)  (-1.64601)

SP_DL(-1) 0.328790  -0.011267
(0.02370)  (0.01638)
(13.8704)  (-0.68763)

C -0.000370  0.000328
(0.00026)  (0.00018)
(-1.42517)  (1.82729)

R-squared 0.048776 0.000908
Adj. R-squared 0.048269 0.000375

The table reports the estimation of a VAR(1) model with the log-returns of the
Nikkey225 and the SP100 indices, together with a constant. Parameter estiamtion,
standard errors and t-statistics are reported. Moreover, the R? and adjusted R? are

included.

As it could be expected, the lagged Standard & Poor’s index has a relevant
impact on the Nikkey, while the other coefficients result to be non-significant.
Moreover, the following graphs report the autocorrelation funtions of both
VAR(1) residuals series (for log-returns, lower line, and absolute log-returns,
upper line) and evidence that a long term correlation exist in both series. This

behavior is particularly evident in the Standard & Poor index where the auto-

20



correlation oscillate around a value of 0.1, far above the significativity confidence
bounds. One may object that such a behavior may be caused by the deletion
of holidays and closed market day, however we replicate that the correlation in
the original series is closer to the one here reported. This lon-memory behavior

will be modelled, where possible, by Fractionally Integrated GARCH models.

Figure 5: ACF Nikkey225 residuals Figure 6: ACF SP100 residuals
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For the variance part of our model we considered the following alternative
specifications: a conditional constant correlation model where the univariate
GARCH can be specified as GARCH(1,1), IGARCH(1,1), FIGARCH(1,d,0) and
FIGARCH(1,d,1);the EC-GARCH(1,1). Other alternative specifications have
been in principle considered, the BEKK-GARCH and the Vech-GARCH. How-
ever, the software packages we used for the estimation provided unsatisfactory
results due to problems of convergence, constraint definitions and unexpected
errors. We report in the following the variance-covariance structure of the two

fitted models:

21



H,

Constant Conditional Correlation - CCC-GARCH

_ U%VK,t UéVK—SP,t } _ [ U?VK,t pgNK,tUSP,t }
ONK-SPt Ogpg PONK+OsPt OSpt
wj + el + 803, GARCH(1,1)
wi+ (1=8;)ed, 1+ 605, IGARCH(1,1)
= wi B2, + 1B L— (1 L)dj] e2, FIGARCH(1,
wj+ B0, 1+ [1—B;L—(1—,L) (1~ L)df] e2, FIGARCH(,
— SP.NK
Exponential Causality - EC-GARCH
H, = U%VK,t PONK ISPt

PONK ISPt OSPt

exp (v;27 1) (W) + 807511 + j€f 1)

SP.NK i=SP,NK i#j

<.
Il

The results of model estimation are reported in table 2, where we included

also the value of the log-likelihood, a set of information criteria and the Box-

Pierce statistics for residual correlation. We compare the EC-GARCH with

constant correlation models. As we previously specified, we consider a set of

pos
els.

of i

sible alternative specifications for the univariate volatilitied in the CCC mod-
All possible combinations have been estimated and compared on the basis

nformation criteria. The preferred CCC model turned out to be the CCC-

FIGARCH with a long-memory model on both series. The CCC-GARCH is

included since it represents the EC-GARCH with a zero restriction on causality

par

ameters.

Comparing the information criteria of all the included models we note that

all similarly explain the long term correlation, the worst result is provided by the

CcC

C-GARCH, an expected results. What is interesting is the estimation of EC-

GARCH where the causality parameter measuring the Standard & Poor’s inno-
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vation effect on Nikkey index volatility is significant. Moreover, there is not ev-

idence of the reverse cusal relation, from Nikkey to the Standard & Poor’s. The

EC-GARCH model provide in any case an improvement on the CCC-GARCH

without any specific long-memory modelisation. Moreover, the conditional vari-

ances produced by both models (EC-GARCH and CCC-FIGARCH) are really

close. The final conditional variances are reported in Figures 7 and 8.

Table 2: multivariate GARCH estimati

on

EC-GARCH CCC-FIGARCH CCC-GARCH
NK-log-res [SP-log-res |NK-log-res |SP-log-res |NK-log-res |SP-log-res
0.000318| 0.000205| 0.000350 [ 0.000219 | 0.000356| 0.000218
K 0.000086] 0.000085| 0.000227 [ 0.000099 | 0.000301| 0.000119
© 0.000005] 0.000001] 0.000006 [ 0.000003 | 0.000005| 0.000001
0.000001] 0.000000] 0.000003 [ 0.000003 | 0.000002| 0.000000
d 0.662207 | 0.478713
0.129988 | 0.176724
“ 0.107002] 0.056281 0.110707] 0.056967
0.006633| 0.004829 0.015104] 0.013410
0.869680| 0.933569| 0.687489 | 0.586735 | 0.873308| 0.936911
P 0.006048| 0.004836| 0.126131 | 0.236068 | 0.016974| 0.014650
0.130172 | 0.176683
o 0.056146 | 0.097912
0.007365| 0.003408
¥ 0.003089| 0.002864
0.079757 0.080937 0.080412
p 0.009044 0.019995 0.019190
LogL -11963.924 -11955.731 -11965.359
Akaike 6.378 6.374 6.378
Hannan-Quinn 6.385 6.380 6.383
Schwarz 6.374 6.369 6.374
Shibata 6.378 6.374 6.378
Q(5) 2.817 7.061 3.093 8.555 2.802 7.201
Q(10) 17.161 11.939 17.435 13.991 17.580 12.101
Q(20) 23.396 26.674 23.571 29.780 23.755 26.954
Q(50) 58.678 50.651 59.822 56.057 58.727 51.103
Q(100) 109.432 | 104.583 109.669 107.341 109.051 104.651
Q3(5) 3.462 2.225 2.551 4.698 3.642 2.215
Q3(10) 7.250 2.438 7.615 5.369 7.268 2.443
Q3(20) 13.527 8.090 13.787 11.499 13.860 8.163
Q3(50) 46.417 37.566 46.930 43.702 47.809 37.294
Q?(100) 100.984 75.124 99.247 82.816 102.979 74.907
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Quasi Maximum Likelihood estimation of the EC-GARCH and of the bench-
mark models CCC-FIGARCH and CCC-GARCH. The Table reports the esti-
mated parameters with the corresponding standard errors. The last lines con-
tain in the order: the value of the Log-Likelihood, the information criteria of
Akaike, Hannan-Quinn, Schwarz and Shibata, the Lijung-Box Q test performed
on standardised and squared standardised residuals. The degrees of freedom of
this last test are reported in parenthesis and are equal to the maximum corre-
lation used in the test. It is well known that the test asymptotic distribution is
x? a whose critical 5% values are: x? (5) = 11.1, x? (10) = 18.3, x? (20) = 31.4,
X2 (50) = 67.5, x?(100) = 124, while at 1%: x?(5) = 15.1, x?(10) = 23.2,
X2 (20) = 37.6, x2 (50) = 76.2, x? (100) = 136.

Figure 7: Nikkey225 estimated variances Figure 8: SP100 estimated

variances variances
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5 Conclusions

In this paper we introduce a new kind of bivariate GARCH model which can be
used for the detection of a causality relation among conditional variances. The
causality is added to the model via an exponential factor which multiplies the
traditional GARCH equation. By this approach both causality existence and

direction can be detected. This models solves some cdrawback of currently used
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specifications including the non-interpretability of parameters or the necessity
of imposing positivity restrictions on the causality relation. The specification
we propose allow for extensions both on the structure of the causal relation and
in the system dimension. The model is also applied on an empirical excercise
analysing the relation between the Standard & Poor 100 and the Nikkey225.
The estimations performed evidence the existence of a causal relation among the
variances and that this relation explain very well a clear long memory pattern
evidenced by the series. The possible extension of the model and its relation with

the long memory behavior represent an interesting area for future researches.

Aknowledgments: This work benefited of the comments received by Mon-
ica Billio, Gianpiero Gallo, Domenico Sartore, Jean Michel Zakoian and Paolo
Zaffaroni and of the participants at the Forecasting Financial Market 2003 con-
ference held in Paris. This work was also presented the SCO2003 conference
held in Treviso (Italy). The author aknowledge reserch assistance and financial
support from GRETA Associati, San Marco 3870, Venice, ITALY, where it can

be contacted at mcaporin@greta.it.

References

[1] Baillie, R.T, Bollerslev T. and Mikkelsen H.O. (1996), "Fractionally inte-
grated generalised autoregressive conditional heteroskedasticity", Journal

of Econometrics, 74, 3-30

[2] Blume L., Easley D. and O’Hara M. (1994), "Market statistics and technical

analysis: the role of the volume", Journal of Finance, 49, 153-182

[3] Bollerslev T. (1990), "Modelling the coherence in short-run nominal ex-
change rates: a multivariate generalized ARCH approach", Review of Eco-

nomic Studies, 72, 498-505

25



[4]

[13]

Boudjellaba H., Dufour J. and Roy R. (1992), "Testing causality between
two vectors in multivariate autoregressive moving average models", Journal

of the American Statistical Association, 87 (420), 1082-1090

Boudjellaba H, Dufour J. and Roy R. (1994), "Simplified conditions for
noncausality between vectors in multivariate ARMA models", Journal of

FEconometrics, 63, 271-287

Brunetti C. and Gilbert C.L. (2000), "Bivariate FIGARCH and fractional

cointegration", Journal of Empirical Finance, 7, 509-530

Caporin M. (2002), "Long memory conditional heteroskedasticity and sec-

ond order causality", PhD dissertation, University of Venice

Cheung Y. and Ng L.K. (1996), "A causality-in-variance test and its appli-

cation to financial market prices", Journal of Econometrics, 72, 33-48

Comte F. and Lieberman O. (2000), "Second-order noncausality in multi-
variate GARCH processes", Journal of Time Series Analysis, 21 (5), 535-
557

Ding, Z., Granger C.W.J. and Engle R.F. (1993), "A long memory property

of stock market returns and a new model", Journal of Finance, 1, 83-106

Engle R.F. and Kroner K.F. (1995), "Multivariate simultaneous generalized
ARCH", Econometric Theory, 11, 122-150

Engle R.F. and Sheppard K. (2001), "Theoretical and empirical properties
of dynamic conditional correlation multivariate GARCH", University of

California, San Diego, Discussion paper 2001-15

Glosten, L., Jagannathan R. and Runkle D. (1993), "On the relation be-
tween expected value and the volatility of the nominal excess returns on

stocks", Journal of Finance, 48, 1779-1801

26



[14]

[15]

[16]

[23]

Granger C.W.J. (1980), "Testing for causality: a personal viewpoint",
Journal of Economics Dynamic and Control, 2 (4), 329-352

Granger C.W.J. (1988), "Some recent developments in a concept of causal-

ity", Journal of Econometrics, 39, 199-211

Granger C.W.J., Robins R.P. and Engle R.P. (1986), "Wholesale retail
prices: bivariate time series modeling with forecastable error variances". In

Model reliability, Boston MA, MIT press

Hamilton J.D. and Susmel R. (1994), "Autoregressive conditional het-
eroskedasticity and changes in regime", Journal of Econometrics, 64, 307-

333

Hafner, C.M. (2001), "Fourth moments structure of multivariate GARCH

models", Journal of Financial Econometrics, forthcoming
Hannan E. J. (1970), "Multiple time series", Wiley, New York

Karpoff J (1987), "The relation between price changes and trading volume:

a survey", Journal of Financial and Quantitative Analysis, 22, 109-126

LeBaron B. (1992), "Persistence of the Dow Jones index on rising volumes",

Working paper, Wisconsin Madison - Social System

Li W.K., Ling S. and McAleer M. (2001), "A survey of recent theoretical
results for time series models with GARCH errors", Journal of Economic

Surveys, forthcoming

Pojarlev M. and Polasek W. (2000), "Portfolio construction using multi-
variate time series forecasts", Working paper, Institue for Statistics and

Econometrics, University of Basel

Sims C.A. (1972), "Money, income and causality", American Economic

Review, 62, 540-552

27



[25] Teyssiere G. (1998a), "Multivariate long-memory ARCH modelling for high

frequency exchange rates", University of London, working paper

[26] Teyssiere G. (1998b), "Modelling exchange rates volatility with multivariate
long-memory ARCH processes", GREQAM working paper

28



